Appendix

Introduction

This document presents a technical appendix that systematically details the implementation and
theoretical foundations of categorical approaches in artificial intelligence. The appendix spans 68
pages and is structured into three main sections: detailed technical specifications, mathematical
foundations and proofs, and practical applications and implementations.

The implementation architecture section begins with a comprehensive type system implementation
in Python, utilizing generic types and dataclasses to represent categorical concepts. The Object class
implements categorical objects with metadata tracking, including type signatures, timestamps,
dependencies, and validation rules. The Morphism class provides a generic implementation of
categorical morphisms, supporting composition and property validation. These foundational
implementations are complemented by a KnowledgeCategory class that manages collections of
objects and morphisms while maintaining categorical laws.

The mathematical foundations section presents detailed theorems and proofs regarding categorical
structures in Al systems. The treatment of functorial learning frameworks examines the preservation
of structure through neural network layers. This includes a complete proof of the Universal
Approximation Theorem in the categorical setting, demonstrating how categorical neural networks
can approximate continuous functions while preserving structural properties. The proof carefully
considers the lifting of classical neural network structures to categorical frameworks while
maintaining approximation capabilities.

The document provides extensive implementation details for categorical deep learning
architectures. The categorical transformer implementation includes a sophisticated attention
mechanism that operates on categorical objects while preserving their structural relationships. This
implementation uses a CategoricalMultiHeadAttention class that extends standard attention
mechanisms with structure-preserving operations. The attention weights are managed through
categorical morphisms, ensuring that attention operations respect the underlying categorical
structure.

The optimization techniques section presents detailed implementations of categorical versions of
standard optimization algorithms. The categorical Adam optimizer extends the classical Adam
algorithm with structure-preserving updates. This includes careful handling of moment estimates
and bias correction terms while maintaining categorical properties. The natural gradient
implementation incorporates Fisher information geometry in the categorical setting, with explicit
computation of natural gradient updates that respect categorical structure.
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The practical applications section includes detailed case studies of categorical implementations in
specific domains. This includes a comprehensive implementation of a knowledge graph system
using categorical structures, with explicit handling of entity relationships through categorical
morphisms. The implementation details address practical concerns such as memory management
and computational efficiency while maintaining categorical properties.

The memory management section presents a sophisticated implementation of a categorical tensor
system that efficiently handles memory allocation while preserving categorical structure. This
includes a pooling system for categorical tensors that reduces memory allocation overhead, and
careful management of structure maps to maintain categorical properties during computation. The
implementation provides specific methods for allocating and freeing categorical tensors while
maintaining their structural properties.

The document includes detailed implementations of categorical layer operations, including linear
transformations, convolutions, and normalization layers. Each implementation carefully preserves
categorical structure while maintaining computational efficiency. The CategoricalLinear class, for
example, implements standard linear transformations while ensuring that the categorical structure of
inputs is preserved through carefully designed structure maps.

The appendix provides specific implementation details for categorical optimization algorithms,
including gradient descent, Adam, and natural gradient methods. Each implementation includes
careful handling of parameter updates to maintain categorical structure, with explicit computation
of structure-preserving updates. The optimization implementations include specific methods for
computing updates while preserving categorical properties, along with detailed convergence
analysis.

Throughout the document, theoretical developments are accompanied by concrete Python
implementations that demonstrate how categorical concepts can be realized in practice. The code
implementations include type annotations, documentation, and explicit handling of edge cases,
providing a complete reference for implementing categorical systems. The implementations are
designed to be both mathematically correct and computationally efficient, with careful attention to
practical concerns such as memory usage and computational complexity.

The appendix concludes with detailed specifications for memory-efficient implementations of
categorical systems, including specific methods for managing categorical tensors and their
associated structure maps. This includes implementations of memory pooling systems, efficient
structure map updates, and careful management of computational resources while maintaining
categorical properties. These implementations provide practical solutions for deploying categorical
systems within typical resource constraints.

Appendix A: Detailed Technical Specifications

A.1 Detailed Implementation Architecture
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A.1.1 Core Category Theory Implementation

from typing import TypeVar, Generic, Dict, List, Optional, Callable, Unior
import numpy as np
from dataclasses import dataclass|
from abc import ABC, abstractmethod

nmn

"""Comprehensive metadata for category theory objects
type_signature: st

creation_timestamp: float]

last modified: floaf]

dependencies: List[str]
versioning: Dict[str, str]
validation rules: Dict[str, Callable]

class Object(Generic[T]):
"""Enhanced implementation of categorical objects
def init  (self,

nnn

versioning={"version": "1.0.0"},
validation rules={}

def validate(self):

"""Validate object according to metadata rules
for rule_name, rule_func in self.metadata.validation rules.items():
if not rule_func(self.value):
raise ValueError(f'Validation failed: {rule name}")

def eq (self, other);
if not isinstance(other, Object):

return (self.value == other.value and
self.metadata == other.metadata)

class Morphism(Generic[S, T]):
"""Enhanced implementation of categorical morphisms
def init (self,
domain: Object[S],
codomain: Object[T],
transform_func: Callable[[S], T],
properties: Dict[str, bool] = None):
self.domain = domair
self.codomain = codomai
self. transform = transform func
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self.properties = properties or {}

self. validate properties()

def wvalidate properties(self):
"""Validate categorical properties like functoriality
if self.properties.get("isomorphism", False):
# Verify inverse exists

inverse = self.get_inverse(),
assert(isinstance(inverse, Morphism))
except:
raise ValueError("Isomorphism property claimed but no valid inverse exists")

def call (self,x:S)->T:
if not isinstance(x, type(self.domain.value)):
raise TypeError(f'Expected {type(self.domain.value)}, got {type(x)}")
result = self. transform(x),
self. validate output(result)

def validate output(self, result: T):
"""Validate morphism output matches codomain
if not isinstance(result, type(self.codomain.value)):

raise TypeError(f"Morphism output {type(result)} does not match codomain {type(self.codomain.value)}")

def get_inverse(self) -> Optional['Morphism[T, S]']:
"""Compute inverse morphism if it exists"""
if not self.properties.get("isomorphism", False):

inverse_func = self._compute_inverse()
return Morphism(self.codomain, self.domain, inverse func)
except:

def compute inverse(self) -> Callable[[T], S]:
"""Compute the inverse transform function"""
raise NotlmplementedError

A.1.2 Knowledge Representation Category

class KnowledgeCategory:
"""Enhanced implementation of knowledge categories
def init (self):
self.objects: Dict[str, Object] = {}
self.morphisms: Dict[str, Morphism]
self.composition cache: Dict[tuple, Morphism] = {}

LALAL

defadd_object(self, name: str, obj: Object):
""" Add object with validation"""
if name in self.objects:
raise ValueError(f'Object {name} already exists")
self._validate object(obj)
self.objects[name] = obj

def add morphism(self,
name: str,

morphism: Morphism,|
validate composition: bool = True);
""" Add morphism with comprehensive validation
if name in self. morphisms:
raise ValueError(f"Morphism {name} already exists")

nmn

self. validate morphism(morphism)
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if validate composition:
self. validate morphism composition(morphism)

self. morphisms[name] = morphisr

def wvalidate object(self, obj: Object):
"""Validate object meets category requirements
# Implement specific validation rules

def wvalidate morphism(self, morphism: Morphism):
"""Validate morphism meets category requirements
if morphism.domain not in self.objects.values():
raise ValueError("Domain not in category")
if morphism.codomain not in self.objects.values():
raise ValueError("Codomain not in category")

nnn

def wvalidate morphism_composition(self, morphism: Morphism):
"""Validate morphism composes with existing morphisms"""
for existing in self.morphisms.values():

self.compose(morphism, existing)
self.compose(existing, morphism)
except Exception as e:
raise ValueError(f"Morphism fails composition: {str(e)}")

def compose(self,
f: Union[str, Morphism],
g: Union[str, Morphism]) -> Morphism:
"""Compose morphisms with caching"""
# Resolve morphism names to actual morphisms
f = self.morphisms][f] if isinstance(f, str) else f
g = self. morphisms[g] if isinstance(g, str) else g

cache key = (id(f), id(g)),
if cache key in self.composition_cache:
return self.composition_cache[cache key]

# Validate compositior
if f.domain != g.codomain:
raise ValueError("Morphisms not composable")

# Create new composed morphisr
composed = Morphism(
g.domain,|
f.codomain,
lambda x: f(g(x))

# Cache result
self.composition_cache[cache key] = compose
return composed

A.1.3 Neural-Categorical Hybrid Implementation

class NeuralMorphism(Morphism[torch. Tensor, torch.Tensor]):
"""Implementation of neural network-based morphisms"""
def init (self,
domain: Object[torch.Tensor],
codomain: Object[torch.Tensor],

network: nn.Module):
super(). init (
domain,|
codomain,|
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lambda x: network(x)

)

self.network = network

def train(self,
dataset: Dataset,
optimizer: torch.optim.Optimizer,
loss_fn: Callable,
num_epochs: int = 10,
batch_size: int = 32);
"""Train the neural morphism
dataloader = DatalLoader(dataset, batch size=batch size, shuffle=True)

nn

for epoch in range(num_epochs):

total loss = 0.0

for batch_x, batch_y in dataloader:
optimizer.zero_grad()
output = self.network(batch_x)
loss = loss_fn(output, batch y)
loss.backward()
optimizer.step()
total loss += loss.item(),

avg loss =total loss / len(dataloader)
print(f"Epoch {epoch+1}/{num_epochs}, Loss: {avg loss:.4f}")

class Categorical Transformer(nn.Module):

"""Transformer architecture adapted for categorical computations

def init (self,
input_dim: int,
hidden_dim: int,
num_layers: int,
num_heads: int,
dropout: float = 0.1):

super(). init (),

nn

self.embedding = nn.Linear(input_dim, hidden dim)
self.transformer_layers = nn.ModuleList(]
nn.TransformerEncoderLayer(
d_model=hidden_dim,|
nhead=num_heads,
dim_feedforward=hidden dim * 4,
dropout=dropout
) for _in range(num_layers)

self.output layer = nn.Linear(hidden dim, input dim),

def forward(self, x: torch.Tensor) -> torch.Tensor

return self.output layer(x)
A.2 Comprehensive Evaluation Framework

A.2.1 Metrics Implementation

class CategoryEvaluator:
"""Comprehensive evaluation framework for categorical Al systems
def init (self, category: KnowledgeCategory):
self.category = catego

self.metrics = {
"structural": self._evaluate structural properties,
"functional": self. evaluate functional properties,
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"computational": self. evaluate computational efficiency,
"semantic": self. evaluate semantic preservatio

def evaluate(self) -> Dict[str, float];
"""Run all evaluations"""
results = {}
for metric_name, metric_func in self.metrics.items():
results[metric name] = metric func()

def evaluate structural properties(self) -> float:
"""Evaluate categorical structure preservation"""
score = 0.0
total checks =0

for obj in self.category.objects.values():

id_morphism = self.category.morphisms.get(f"id_{id(obj)}")
if id_morphism and all(id_morphism(x) == x
for x in self. sample values(obj)):
score +=1
total checks +=1
except Exception:
total checks +=1

# Check composition properties|
for f in self.category.morphisms.values():
for g in self.category.morphisms.values():

if f.domain == g.codomain:
composed = self.category.compose(f, )
if self._verify composition(f, g, composed):
score +=1
total checks += 1
except Exception:
total checks +=1

return score / total checks if total checks > 0 else 0.0

def evaluate functional properties(self) -> float:
"""Evaluate morphism properties"""
score = 0.0)
total checks =0

for morphism in self.category.morphisms.values():
# Check well-definedness

test_values = self. sample values(morphism.domain),
if all(isinstance(morphism(x), type(morphism.codomain.value))
for x in test values):

total checks += 1

except Exception:
total checks +=1

# Check claimed properties
for prop_name, prop value in morphism.properties.items()
try:
if self. verify property(morphism, prop name):

score +=1
total checks +=1
except Exception;
total checks +=1
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return score / total checks if total checks > 0 else 0.0

def evaluate computational efficiency(self) -> float:
"""Evaluate computational performance"""
import time

total time = 0.0
num_operations = 100

for morphism in self.category.morphisms.values():
test values = self. sample values(morphism.domain)

start_time = time.time(),
for _in range(num_operations);
for x in test_values:

total time += time.time() - start time

# Convert to operations per second

ops_per_second = (num_operations * len(test values)) / total time
# Normalize to [0, 1] scale

return min(1.0, ops_per second / 1000.0)

def evaluate semantic_preservation(self) -> float:
"""Evaluate semantic meaning preservation"""
score = 0.0

total checks =0

for morphism in self.category.morphisms.values():
test values = self. sample values(morphism.domain)

for x in test_values:

y = morphism(X)
if self._verify semantics(x, y, morphism):
score += 1
total checks +=1
except Exception:
total checks +=1

return score / total checks if total checks > 0 else 0.0

A.2.2 Benchmark Implementation

class CategoricalBenchmark:
"""Comprehensive benchmark suite for categorical Al systems
def init (self,
categories: ListfKnowledgeCategory],
test_data: Dict[str, Dataset]):
self.categories = categories
self.test_data = test data
self.evaluators = [CategoryEvaluator(cat) for cat in categories]

def run_benchmarks(self) -> Dict[str, Dict[str, float]]:
"""Run all benchmarks"""
results = {}

# Structural benchmarks
results["structural"] = self. run structural benchmarks()

# Performance benchmarks|
results["performance"] = self. run performance benchmarks()

# Semantic benchmarks
results["semantic"] = self. run semantic benchmarks()

New York General Group



results["tasks"] = self. run task benchmarks()

return results

def run structural benchmarks(self) -> Dict[str, float]:
"""Run structural property benchmarks"""

results = {}

for i, evaluator in enumerate(self.evaluators):
category_results = evaluator.evaluate(),
results[f"'category {i}"] = category results

return results

def run performance benchmarks(self) -> Dict[str, float]:
"""Run performance benchmarks"""
results = {}

for i, category in enumerate(self.categories):
# Measure morphism application time]
morph_times = self. benchmark morphisms(category),
results[f"category {i} morphism time"] = morph times|

# Measure composition time|
comp_times = self. benchmark compositions(category)
results[f"'category {i} composition time"]=comp times

return results

def run_semantic_benchmarks(self) -> Dict[str, float]:
"""Run semantic preservation benchmarks"""
results = {}

for i, category in enumerate(self.categories):

# Test semantic preservatior

sem_scores = self. benchmark semantics(category)
results[f"'category {i} semantics"] =sem_scores|

return results

def run task benchmarks(self) -> Dict[str, float]:
"""Run task-specific benchmarks"""

for task _name, dataset in self.test data.items():
task results = self. benchmark task(task name, dataset),
results[task name] = task results

return results

A.3 Advanced Theoretical Extensions

A.3.1 Functorial Learning Framework

class FunctorialLearner(Generic[S, T]):
"""Implementation of functorial learning mechanisms
def init  (self,

source_category: KnowledgeCategory,

target category: KnowledgeCategory):
self.source = source categor;
self.target = target categor
self.learned mappings: Dict[str, Functor] = {}
self.natural transformations: Dict[str, Natural Transformation] = {}
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def learn_functor(self,
training_data: List[Tuple[Object[S], Object[T]]],
learning_rate: float = 0.001,)
max_iterations: int = 1000) -> Functor([S, T]:
"""Learn a functor from training examples
object_ map = self. learn object mapping(training_data),
morphism map = self. learn morphism mapping(training data, object map)

functor = Functor(|
self.source,
self.target,

# Verify functorial properties

if not self. verify functor(functor):
raise ValueError("Learned mapping does not satisfy functorial properties")

def learn object mapping(self,
training_data: List[Tuple[Object[S], Object[T]]]) -> Dict[Object[S], Object[T]]:
"""Learn the object component of the functor"""

object map = {}

# Initialize neural network for object mapping|
network = nn.Sequential(|
nn.Linear(self.source dim, self.hidden dim),
nn.ReLU(),
nn.Linear(self.hidden dim, self.target dim)

optimizer = torch.optim.Adam(network.parameters(), Ir=self.learning_rate)

for epoch in range(self.max_epochs):
total loss = 0.0
for source obj, target obj in training data:
# Convert objects to tensors|
source_tensor = self. object to_tensor(source obj)
target tensor = self. object to tensor(target obj)

predicted = network(source_tensor)
loss = F.mse loss(predicted, target tensor)

# Backward pass|
optimizer.zero_grad()
loss.backward()
optimizer.step()

total loss += loss.item()

if epoch % 100 == 0:
print(f"Epoch {epoch}, Loss: {total loss/len(training data)}")

# Create final object mapping|

for source_obj in self.source.objects.values():
source_tensor = self. object to tensor(source obj)
target tensor = network(source tensor)
target obj = self._tensor to_object(target tensor),
object map[source obj] = target obj

return object map|
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def learn morphism_ mapping(self,
training_data: List[Tuple[Object[S], Object[T]]],
object_map: Dict[Object[S], Object[T]]) -> Dict{Morphism, Morphism]:

"""Learn the morphism component of the functor
morphism map = {}

for source_morphism in self.source.morphisms.values():
# Create neural network for this morphis
morphism_network = MorphismNetwork(
input_dim=self.source dim,|
hidden dim=self.hidden_dim,
output dim=self.target dim|

# Train morphism mapping
self. train_morphism_mapping(

morphism_network,|
source_morphism,

training_data

# Create target morphis

target morphism = NeuralMorphism(
domain=object_map[source_morphism.domain],
codomain=object_map[source morphism.codomain],
network=morphism networ

morphism map[source morphism] = target morphism|

return morphism_map

A.3.2 Natural Transformation Implementation

class Natural Transformation(Generic[S, T]):
"""Implementation of natural transformations between functors
def init (self,
source_functor: Functor([S, T],
target functor: Functor[S, T],
component_map: Dict[Object, Morphism]):
self.source = source_functo
self.target = target functor
self.components = component map
self. verify naturality()

def verify naturality(self):
"""Verify the naturality condition
for source_obj in self.source.source.objects.values():
for morphism in self.source.source.morphisms.values():
if morphism.domain == source_obj;
# Check naturality square commutes
if not self. check naturality square(source obj, morphism):
raise ValueError("Naturality condition violated")

nmn

def check naturality square(self,
obj: Object[S],
morphism: Morphism[S, S]) -> bool;
"""Check if naturality square commutes for given object and morphism
# Get relevant components and mappings
eta X = self.components[obj]
eta_Y = self.components[morphism.codomain]|
F_f=self.source.map morphism(morphism)
G _f=self.target. map morphism(morphism)
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# Check commutativit
test_values = self. _sample values(obj)
for x in test_values:
pathl = G_f(eta_X(x))
path2 =eta Y(F_f(x))
if not torch.allclose(pathl, path2):
return False

def get_component(self, obj: Object[S]) -> Morphism([T, T]:
"""Get the component of the natural transformation at given object"""
if obj not in self.components:
raise ValueError("Object not in domain of natural transformation")
return self.components|obj]

A.3.3 Advanced Categorical Constructions

class LimitComputer:
"""Implementation of categorical limit computations
def init (self, category: KnowledgeCategory):
self.category = categor

def compute product(self,
objects: List[Object]) -> Tuple[Object, Dict[Object, Morphism]]:
"""Compute categorical product"""
if not objects:
raise ValueError("Empty object list")

# Compute product object]
product value = self. compute product object(objects),
product _obj = Object(product value)

# Compute projection morphisms
projections = {}
for i, obj in enumerate(objects):

proj = self. create projection(product obj, obj, 1)
projections[obj] = proj

return product obj, projections

def compute pullback(self)
f: Morphism,
g: Morphism) -> Tuple[Object, Morphism, Morphism]:
"""Compute categorical pullback"""
if f.codomain != g.codomain:
raise ValueError("Morphisms must have same codomain")

# Compute pullback object
pullback value = self. compute pullback object(f, g)
pullback obj = Object(pullback value)

# Compute pullback morphisms|
pl =self._create_pullback morphism(pullback obj, f.domain)
p2 = self. create pullback morphism(pullback obj, g.domain)

return pullback obj, pl1, p2

A.4 Practical Applications and Case Studies

A.4.1 Knowledge Graph Implementation

class KnowledgeGraph;
"""Categorical implementation of knowledge graphs

LALAL
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def init_ (self):
self.category = KnowledgeCategory(),
self.entity _objects: Dict[str, Object]

def add_entity(self, name: str, properties: Dict[str, any]):
""" Add entity to knowledge graph™""
entity obj = Object(
value=properties,
metadata=ObjectMetadata(
type_signature="entity",
creation_timestamp=time.time(),
last_ modified=time.time(),
dependencies=[],
versioning={"version": "1.0.0"}
validation rules=self. get entity validation rules()

self.entity _objects[name] = entity obj
self.category.add_object(name, entity obj)

def add_relation(self,
name: str,|
source_entity: str,|
target _entity: str,|
properties: Dict[str, any]):
""" Add relation to knowledge graph"""
if source_entity not in self.entity _objects:
raise ValueError(f'Source entity {source entity} not found")
if target entity not in self.entity objects:
raise ValueError(f"'Target entity {target entity} not found")

relation_morphism = Morphism(
domain=self.entity_objects[source entity],
codomain=self.entity objects[target entity],
transform_func=self. create relation transform(properties),
properties=properties

self.relation_morphisms[name] = relation_morphisr
self.category.add morphism(name, relation morphism)

def query(self, query pattern: Dict[str, any]) -> List[Dict[str, any]]:
"""Query knowledge graph using categorical pattern matching"""!
results =[]

# Convert query pattern to categorical diagramn
query diagram = self. pattern to diagram(query pattern)

# Find matching subgraphs
matches = self. find diagram matches(query diagram)

# Convert matches to result format
for match in matches:
result = self. match_to result(match)

return results

A.3 Advanced Theoretical Extensions

A.3.1 Functorial Learning Framework

class FunctorialLearner(Generic[S, T]):
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"""Implementation of functorial learning mechanisms"""
def init (self,
source_category: KnowledgeCategory,
target category: KnowledgeCategory):
self.source = source_categor
self.target = target category)
self.learned mappings: Dict[str, Functor] = {}
self.natural _transformations: Dict[str, Natural Transformation] = {}

def learn_functor(self,
training_data: List[ Tuple[Object[S], Object[T]]],
learning_rate: float =0.001,)
max_iterations: int = 1000) -> Functor[S, T]:
"""Learn a functor from training examples"""
object map = self. learn object mapping(training data)
morphism_map = self. learn morphism mapping(training_data, object map)

functor = Functor(|
self.source,|

"""Learn the object component of the functor"""

# Initialize neural network for object mapping|
network = nn.Sequential(|
nn.Linear(self.source dim, self.hidden dim),
nn.ReLU(),
nn.Linear(self.hidden dim, self.target dim)

optimizer = torch.optim.Adam(network.parameters(), Ir=self.learning_rate)

for epoch in range(self.max_epochs):
total loss = 0.0
for source obj, target obj in training_data:
# Convert objects to tensors|
source_tensor = self. object to_tensor(source obj)
target tensor = self. object to tensor(target obj)

# Forward pass
predicted = network(source_tensor)
loss = F.mse _loss(predicted, target tensor)

optimizer.zero_grad()
loss.backward()

total loss += loss.item()

if epoch % 100 == 0:
print(f"Epoch {epoch}, Loss: {total loss/len(training data)}")

# Create final object mapping|
New York General Group
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for source_obj in self.source.objects.values():
source_tensor = self. object _to_tensor(source obj)
target tensor = network(source tensor)
target obj = self._tensor to_object(target tensor),
object map[source obj] = target obj

return object map|

def learn morphism mapping(self,
training_data: List[Tuple[Object[S], Object[T]]],
object_map: Dict[Object[S], Object[T]]) -> Dict{Morphism, Morphism]:
"""Learn the morphism component of the functor
morphism map = {}

for source_morphism in self.source.morphisms.values():
# Create neural network for this morphisr
morphism_network = MorphismNetwork(
input_dim=self.source dim,|
hidden_dim=self.hidden_dim,
output dim=self.target dim

# Train morphism mapping]

self. train_morphism_mapping(
morphism_network,
source_morphism,|

target morphism = NeuralMorphism(|
domain=object_map[source_morphism.domain],
codomain=object_map[source morphism.codomain],
network=morphism networ

morphism_map[source_morphism] = target morphis

return morphism_map

A.3.2 Natural Transformation Implementation

class Natural Transformation(Generic[S, T]):
"""Implementation of natural transformations between functors
def init  (self,
source_functor: Functor([S, T],
target functor: Functor[S, T],
component_map: Dict[Object, Morphism]):
self.source = source functo
self.target = target functo
self.components = component map
self. verify naturality()

def verify naturality(self):
"""Verify the naturality condition
for source_obj in self.source.source.objects.values():
for morphism in self.source.source.morphisms.values():
if morphism.domain == source_obj:
# Check naturality square commutes|
if not self. check naturality square(source obj, morphism):
raise ValueError("Naturality condition violated")

def check naturality square(self,
obj: Object[S],
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morphism: Morphism[S, S]) -> bool:
"""Check if naturality square commutes for given object and morphism
# Get relevant components and mappings|
eta X = self.components[obj]
eta_Y = self.components[morphism.codomain]
F_f=self.source.map morphism(morphism)
G _f = self.target. map morphism(morphism)

# Check commutativit
test_values = self. _sample values(obj)
for x in test_values:
pathl = G_f(eta X(x))
path2 =eta Y(F_f(x))
if not torch.allclose(pathl, path2):
return False

def get_component(self, obj: Object[S]) -> Morphism[T, T]:
"""Get the component of the natural transformation at given object"""
if obj not in self.components:
raise ValueError("Object not in domain of natural transformation")
return self.components|obj]

A.3.3 Advanced Categorical Constructions

class LimitComputer:
"""Implementation of categorical limit computations
def init_(self, category: KnowledgeCategory):
self.category = catego

def compute product(self,
objects: List[Object]) -> Tuple[Object, Dict[Object, Morphism]]:
"""Compute categorical product"""
if not objects:
raise ValueError("Empty object list")

# Compute product object]
product_value = self._ compute product object(objects)
product obj = Object(product value)

# Compute projection morphisms

projections = {}

for i, obj in enumerate(objects):
proj = self._create_projection(product obj, obj, 1)
projections|[obj] = proj

return product obj, projections

def compute_pullback(self)
f: Morphism,
g: Morphism) -> Tuple[Object, Morphism, Morphism]:
"""Compute categorical pullback"""
if f.codomain != g.codomain:
raise ValueError("Morphisms must have same codomain')

# Compute pullback object
pullback value = self._compute pullback object(f, g)
pullback obj = Object(pullback value)

# Compute pullback morphisms|
pl = self._create_pullback morphism(pullback obj, f.domain)
p2 = self. create pullback morphism(pullback obj, g.domain)

return pullback obj, pl, p2
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A.4 Practical Applications and Case Studies

A.4.1 Knowledge Graph Implementation

class KnowledgeGraph:
"""Categorical implementation of knowledge graphs
def init (self):
self.category = KnowledgeCategory(),
self.entity _objects: Dict[str, Object] =
self.relation_morphisms: Dict[str, Morphism] = {}

nnn

def add_entity(self, name: str, properties: Dict[str, any]):
""" Add entity to knowledge graph"""
entity _obj = Object(
value=properties,
metadata=ObjectMetadata(
type_signature="entity",
creation_timestamp=time.time(),
last modified=time.time(),
dependencies=[],
versioning={"version": "1.0.0"},
validation rules=self. get entity validation rules()

self.entity objects[name] = entity obj
self.category.add_object(name, entity obj)

def add_relation(self,
name: str,
source_entity: str,
target _entity: str,|
properties: Dict[str, any]):
""" Add relation to knowledge graph"""
if source_entity not in self.entity _objects:
raise ValueError(f'Source entity {source entity} not found")
if target _entity not in self.entity objects:
raise ValueError(f"'Target entity {target entity} not found")

relation_morphism = Morphism(
domain=self.entity objects[source entity],
codomain=self.entity objects[target entity],
transform_func=self. create relation transform(properties),
properties=properties

self.relation_morphisms[name] = relation_morphism
self.category.add morphism(name, relation morphism)

def query(self, query pattern: Dict[str, any]) -> List[Dict[str, any]]:
"""Query knowledge graph using categorical pattern matching"""|
results =[]

# Convert query pattern to categorical diagramn
query diagram = self. pattern to diagram(query pattern)

# Find matching subgraphs
matches = self. find diagram matches(query diagram)

# Convert matches to result format

for match in matches:
result = self. match_to result(match)
results.append(result)
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return results

A.4.2 Reasoning Engine Implementation

class CategoricalReasoner:
"""Implementation of categorical reasoning engine
def init_ (self, knowledge category: KnowledgeCategory):
self.category = knowledge category
self.inference rules: List[InferenceRule] =[]
self.proof cache: Dict[str, ProofTree] = {}

nnn

defadd_inference rule(self, rule: InferenceRule):
"""Add inference rule to reasoning engine
self._validate rule(rule)
self.inference rules.append(rule)

def prove(self,
goal: Statement,|
max_depth: int = 10,
timeout: float = 30.0) -> Optional[ProofTree]:
""" Attempt to prove goal statement using categorical reasoning""""
cache key = str(goal)
if cache key in self.proof cache;
return self.proof cache[cache key]

start_time = time.time()
proof = self._prove recursive(goal, depth=0, max_depth=max_depth,
start time=start time, timeout=timeout)

if proof’
self.proof cache[cache key] = proo

return proof]

def prove recursive(self]

goal: Statement,|
depth: int,
max_depth: int,
start_time: float,
timeout: float) -> Optional[ProofTree]:

"""Recursive proof search"""

# Check timeou]

if time.time() - start_time > timeout;

raise TimeoutError("Proof search timeout")

# Check depth limif]
if depth >= max_depth:
return None

# Try direct proof using category properties|
direct_proof = self. try direct proof(goal)
if direct_proof’

# Try applying inference rules
for rule in self.inference rules:
if rule.matches_conclusion(goal):
premises = rule.get premises(goal)
premise proofs = []

# Recursively prove premises|
for premise in premises:
premise_proof = self. prove recursive(|
premise, depth + 1, max_depth, start time, timeouf]
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if not premise proof;
premise_proofs.append(premise proof)

# If all premises proved, construct proof using rul
if len(premise_proofs) == len(premises):
return ProofTree(

rule=rule,)
premises=premise proofs

return None

def try direct proof(self, goal: Statement) -> Optional[ProofTree]:
""" Attempt to prove goal directly using categorical properties"""
if isinstance(goal, CompositionStatement):
return self. prove composition(goal)
elif isinstance(goal, [somorphismStatement):
return self. prove isomorphism(goal)
elif isinstance(goal, CommutativeStatement):
return self. prove commutativity(goal)
return None

class InferenceRule:
"""Representation of categorical inference rules
def init _(self,
name: str,|
premises: List[StatementPattern],
conclusion: StatementPattern):
self.name = name
self.premises = premises|
self.conclusion = conclusio

nmn

def matches_conclusion(self, statement: Statement) -> bool:
"""Check if rule conclusion matches statement™""
return self.conclusion.matches(statement),

def get premises(self, conclusion: Statement) -> List[Statement]:

def init (self,
goal: Statement,
rule: Optional[InferenceRule] = None,
premises: List['ProofTree'] = None):
self.goal = goal
self.rule = rule]
self.premises = premises or []

def validate(self):
"""Validate proof tree is well-formed"""
if self.rule:
if len(self.premises) != len(self.rule.premises):
raise ValueError("Wrong number of premises")
for premise, pattern in zip(self.premises, self.rule.premises)
if not pattern.matches(premise.goal):
raise ValueError(""Premise doesn't match rule pattern")
premise.validate()

A.4.3 Learning System Implementation

New York General Group



class CategoricalLearner:
"""Implementation of categorical learning system
def init (self,
base category: KnowledgeCategory,
learning_params: Dict[str, any]):
self.category = base categor;
self.params = learning_params|
self.learned functors: Dict[str, Functor] = {}
self.learned transformations: Dict[str, NaturalTransformation] = {}

def learn_structure(self,

training_data: Dataset,

validation data: Dataset) -> LearningResult:
"""Learn categorical structure from data"""
# Initialize learning components|
object_learner = ObjectLearner(self.params),
morphism_learner = MorphismLearner(self.params)
functor learner = FunctorLearner(self.params)

learned objects = object learner.learn(training_data)

# Learn morphisms between objects
learned_morphisms = morphism_learner.learn(
training_data, learned objects

# Learn functorial relationships
learned_functors = functor learner.learn(
training data, learned objects, learned morphisms

# Validate learned structure
validation_result = self. validate structure(
learned objects,|
learned morphisms,
learned_functors,|
validation data

return LearningResult(
objects=learned objects,|
morphisms=Ilearned _morphisms,
functors=learned_functors,
validation=validation_result

def wvalidate structure(self,
objects: Dict[str, Object],
morphisms: Dict[str, Morphism],
functors: Dict[str, Functor],
validation_data: Dataset) -> ValidationResult:
"""Validate learned categorical structure"""|

law_validation = self. validate categorical laws(

objects, morphisms

# Check functorial properties|
functor validation = self. validate functors(functors)

# Check performance on validation data
performance validation = self. validate performance(|
objects, morphisms, functors, validation data
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return ValidationResult(
law_validation=law_validation,|
functor_validation=functor validation,
performance validation=performance validatio

class ObjectLearner:
"""Learn categorical objects from data
def init (self, params: Dict[str, any]):
self.params = params|

# Learn representation for each object type]

for obj_type, data in grouped_data.items():
# Create and train neural networ
network = self._create_object network(obj type)
self. train network(network, data)

# Create categorical object]

learned obj = self. create categorical object(
obj type, network

1earned_objects[obj_type] = learned_obj

return learned objects

A.4.4 Advanced Optimization Techniques

class CategoricalOptimizer:
"""Implementation of categorical optimization techniques
def init _(self,

optimization_params: Dict[str, any]):
self.category = catego
self.params = optimization params|
self.optimization history: List[OptimizationState] = []

def optimize(self,,
objective: Callable[[KnowledgeCategory], float],
constraints: List[Constraint],
max_iterations: int = 1000) -> OptimizationResult:
"""Optimize category structure according to objective"""!

current_state = OptimizationState(
category=self.category,
objective value=objective(self.category)

self.optimization history.append(current state)

for iteration in range(max_iterations):
# Generate candidate modifications
candidates = self. generate candidates(current state)

# Evaluate candidates
evaluated candidates = self._evaluate candidates(
candidates, objective, constraints|
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best_candidate = self._select best candidate(|
evaluated candidates

if best_candidate.objective value <= current state.objective value:

current_state = best_candidate
self.optimization_history.append(current state)

return OptimizationResult(
final category=current state.category,
objective_value=current_state.objective value,
history=self.optimization histor

def generate candidates(self,

current_state: OptimizationState) -> List[KnowledgeCategory]:

nn

"""Generate candidate category modifications
candidates = []

# Try adding new morphisms|
morphism_candidates = self. generate morphism candidates(

current state.categor

candidates.extend(morphism candidates)

# Try modifying existing morphisms
modified candidates = self. generate modified candidates(
current state.categor

candidates.extend(modified candidates)
# Try adding new objects|
object_candidates = self._generate object candidates(

current state.categor

candidates.extend(object candidates)

return candidates

A.4.5 Advanced Categorical Neural Networks

class CategoricalNeuralNetwork:
"""Implementation of neural networks with categorical structure
def init (self,
input_category: KnowledgeCategory,
output_category: KnowledgeCategory,
architecture_params: Dict[str, any]):
self.input_category = input_categor
self.output_category = output_catego
self.params = architecture params

"

# Initialize categorical layers
self.layers = nn.ModuleList(]

input_dim=params['input_dim'],
output_dim=params[‘hidden_dims'][i],
category_structure=self. create layer category(i)

for i in range(len(params['hidden dims']))
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# Initialize functorial connections
self.connections = self. initialize connections(),

def forward(self, x: Object) -> Object:
"""Forward pass with categorical structure preservation
current =

# Apply each categorical laye

for layer, connection in zip(self.layers, self.connections):
# Transform through functo
transformed = connection.map_object(current)

# Apply layer morphisms
current = layer(transformed)

return current]

def create layer category(self, layer idx: int) -> KnowledgeCategory:

"""Create category structure for neural network layer

category = KnowledgeCategory()

# Add objects for neurons|
for i in range(self.params['hidden dims'][layer idx]):
neuron_obj = Object(
value=torch.zeros(1),
metadata=ObjectMetadata
type_signature="neuron",
creation_timestamp=time.time(),
last modified=time.time(),
dependencies=[],
versioning={"version": "1.0.0"},
validation rules=self. get neuron validation rules()

category.add object(f"'neuron {i}", neuron obj)

# Add morphisms for connections|
self. add layer morphisms(category, layer idx)

return categor

def add layer morphisms(self,
category: KnowledgeCategory,
layer idx: int):
""" Add morphisms representing neural connections
n_neurons = self.params[‘hidden dims'][layer idx]

nnn

for i in range(n_neurons):
for j in range(n_neurons):
# Create weight matrix for connectio
weight = nn.Parameter(|
torch.randn(1) * self.params['weight init std']

# Create morphism for connectior

connection morphism = NeuralMorphism(
domain=category.objects[{"neuron_{i}"],
codomain=category.objects[f"neuron_{j}"],
weight=weight,
activation=self.params['activation_function']

category.add_morphism(
f'connection {i} {j}",
connection morphism
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class CategoricalLayer(nn.Module):
"""Neural network layer with categorical structure
def init (self,
input_dim: int,
output_dim: int,
category_structure: KnowledgeCategory):
super(). init ()
self.input_dim = input_din
self.output_dim = output_dir
self.category = category structure

nn

# Initialize weights with categorical structure
self.weights = self. initialize categorical weights()

# Initialize categorical transformations

self.transformations = nn.ModuleDict({
name: self. create_transformation(morphism)
for name, morphism in self.category.morphisms.items(),

def forward(self, x: torch.Tensor) -> torch.Tensor:
"""Forward pass preserving categorical structure
# Convert input to categorical fo
categorical input = self. tensor to categorical(x)

# Apply categorical transformations

transformed = []

for name, transform in self.transformations.items():
result = transform(categorical _input),
transformed.append(result)

# Combine results according to categorical structure
output = self. combine categorical results(transformed)

def initialize categorical weights(self) -> nn.ParameterDict:
"""Initialize weights according to categorical structure"""

weights = nn.ParameterDict()

for name, morphism in self.category.morphisms.items():
weight shape = self. get weight shape(morphism)
weight = nn.Parameter(
torch.randn(weight shape) * self.params['weight init std']

weights[name] = weight

return weights

def create transformation(self,
morphism: Morphism) -> nn.Module:
"""Create neural transformation from categorical morphism
return Categorical Transformation(
input_dim=self.input_dim,|
output_dim=self.output dim,|
morphism=morphism,
weights=self.weights[morphism.name]

A.4.6 Advanced Categorical Attention Mechanism

class Categorical Attention(nn.Module):
"""Implementation of attention mechanism with categorical structure

nmnn
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def init (self,
category: KnowledgeCategory,
attention_dim: int,
n_heads: int = 8);
super(). _init_ (),
self.category = categor
self.attention_dim = attention_di
self.n_heads =n_heads|

# Initialize categorical query, key, value projections|
self.query_projections = self._initialize projections("query")
self.key projections = self. initialize projections("key")
self.value projections = self. initialize projections("value")

# Initialize categorical attention weights
self.attention_weights = nn.ParameterDict( {
name: nn.Parameter(torch.randn(n_heads, attention dim)),
for name in self.category.morphisms.keys()

def forward(self,
queries: Dict[str, torch.Tensor],
keys: Dict[str, torch.Tensor],
values: Dict[str, torch.Tensor],
mask: Optional[torch.Tensor] = None) -> torch. Tensor
"""Forward pass with categorical attention"""
# Project inputs according to categorical structure
projected queries = self. project categorical inputs(
queries, self.query projections|

projected_keys = self._project categorical inputs(
keys, self.key projections

# Apply attention to values

attended values = self. apply categorical attention(
attention_scores,
projected values|

# Combine results according to categorical structure
output = self. combine categorical attention(attended values)

return outpu

def initialize projections(self,
projection_type: str) -> nn.ModuleDict:

"""Initialize categorical projection layers
return nn.ModuleDict({
name: nn.Linear(|
self.attention_dim,
self.attention_dim * self.n_heads

for name in self.category.objects.keys()
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def project categorical inputs(self,

inputs: Dict[str, torch.Tensor],
projections: nn.ModuleDict) -> Dict[str, torch.Tensor]:
"""Project inputs according to categorical structure"""

projected = {}

for name, input_tensor in inputs.items()
if name in projections:
projection = projections[name]

projected[name] = projection(input_tensor).view(
-1, self.n_heads, self.attention di

return projected

def compute categorical attention(self,
queries: Dict[str, torch.Tensor],
keys: Dict[str, torch.Tensor],
mask: Optional[torch.Tensor]) -> Dict[str, torch. Tensor]:
"""Compute attention scores preserving categorical structure™""
attention_scores = {}

for morphism_name, morphism in self.category.morphisms.items():
if (morphism.domain.name in queries and
morphism.codomain.name in keys):
# Compute attention for this morphisr
query = queries[morphism.domain.name]
key = keys[morphism.codomain.name]
weight = self.attention weights[morphism name]

scores = torch.matmul(|
query * weight.unsqueeze(0).unsqueeze(0),
key.transpose(-2, -1),

) / math.sqrt(self.attention dim),

if mask is not None:
scores = scores.masked_fill(mask == 0, float('-inf"))

attention scores[morphism name] = F.softmax(scores, dim=-1)

return attention scores

Appendix B: Mathematical Foundations and Proofs

B.1 Category Theory Fundamentals

B.1.1 Basic Definitions and Theorems
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Theorem B.1.1 (Functorial Preservation of Categorical Structure)
Let F: C — D be a functor between categories C and D. Then for any composable morphisms f: A
—Bandg:B—>CinC:

F(g - f)=F(g) - F(H)
Proof of Theorem B.1.1 (Functorial Preservation of Categorical Structure):
1. Let F: C — D be a functor and f: A — B, g: B — C be composable morphisms in C.

2. By definition of functor:
- F maps objects: F(A), F(B), F(C) € Ob(D)
- F maps morphisms: F(f): F(A) — F(B), F(g): F(B) — F(C) € Mor(D)

3. Consider the composition g - f: A — C in C:
- Domain(g - f) = Domain(f) = A
- Codomain(g - f) = Codomain(g) = C

4. Apply F to the composition:
F(g - f): F(A) — F(C)

5. Consider F(g) - F(f):
- Domain(F(g) - F(f)) = Domain(F(f)) = F(A)
- Codomain(F(g) - F(f)) = Codomain(F(g)) = F(C)

6. By functorial properties:
- F preserves domains and codomains
- F preserves composition: F(g - f) = F(g) - F(f)

7. For identity morphisms:
- Let ida: A — A be an identity morphism in C
- F(id.) = idF(A) by functorial properties

8. Therefore:
F(g - f) = F(g) - F(f) for all composable morphisms f, g

This completes the proof of functorial preservation.
]

def verify functorial preservation(F: Functor,
f: Morphism,
g: Morphism) -> bool:
"""Verify functorial preservation of composition
# Compute composition in source categor
source composition = g.compose(f)

nun

# Map morphisms and compose in target categor
Ff=F.map_ morphism(f)
Fg =F.map morphism(g)
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target composition = Fg.compose(Ff)

F composition = F.map morphism(source composition),

return F_composition == target compositio
B.1.2 Natural Transformations and Universal Properties

Theorem B.1.2 (Yoneda Lemma)
For any locally small category C and object A in C, there is a natural bijection between:

1. Natural transformations from Hom(A,-) to any functor F
2. Elements of F(A)

Proof of Theorem B.1.2 (Yoneda Lemma):
1. Let C be a locally small category and F: C — Set be a functor.

2. Define the bijection:
Nat(Hom(A,-), F) = F(A)

3. Construction of ®: Nat(Hom(A,-), F) — F(A)
For 1 € Nat(Hom(A,-), F), define:

@(n) = na(ida) € F(A)

4. Construction of ¥: F(A) — Nat(Hom(A,-), F)
For x € F(A), define ¥(x) as follows:
For any object B and morphism f: A — B,

(P = F(H)

5. Prove V¥ is well-defined:
a) Show naturality: For any g: B — C,
F@)((Px)p(h) = (F(x))(g - )
b) This follows from functoriality of F:
F(g)(F(H(x)) = F(g - H(x)

6. Prove ® and Y are inverse:
a) (@ - ¥)(x) = O(¥(x)) = (Y(x))u(ida) = F(ida)(x) = x
b) (¥ - @)(n) = ¥ (Ma(ida))
For any f: A — B,
(P(Ma(1da)))p(f) = F(H)(Ma(ida))
=np(f - ida) (by naturality)

=np()
Therefore, ¥(n.(ida)) =N

7. The bijection is natural in both A and F:
a) Natural in A: For h: A' — A,
Nat(Hom(h,-), F) - ®, = ®,' - F(h)
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b) Natural in F: For a: F — G,
o, - OF = @2 . Nat(Hom(A,-), o)

Therefore, we have established a natural bijection:
Nat(Hom(A,-), F) = F(A)
]

class YonedaLemma:
"""Implementation of Yoneda Lemma verification
def init (self, category: Category):
self.category = catego

nnn

F: Functor,

eta: Natural Transformation) -> bool:
"""Verify Yoneda Lemma for given object and natural transformation
# Compute O(n),
phi eta =self. compute phi(eta, A)

nmn

# Compute Y(®(n))
psi_phi eta = self. compute psi(phi_eta, A, F)

return self. verify natural transformation equality(eta, psi phi eta)

def compute phi(self
eta: NaturalTransformation,
A: Object) -> Any:
"""Compl,lte (I)(n) — nA(lA’)HHH
id_A = self.category.identity morphism(A)
return eta.component(A)(id A)

def compute psi(self,

A: Object,
F: Functor) -> Natural Transformation:

nmn

"""Compute ¥(x) natural transformation
def component B(B: Object):
def on_morphism(f: Morphism):
return F.map_morphism(f)(x)
return on_morphis

return Natural Transformation(|
source=self.category.hom functor(A),
target=F,
components={B: component B(B)
for B in self.category.objects}

B.2 Advanced Categorical Constructions
B.2.1 Adjunctions and Monads

Theorem B.2.1 (Adjunction-Monad Correspondence)
Every adjunction F 4 G gives rise to a monad T = G - F with unit n and multiplication p = GeF.

Proof of Theorem B.2.1 (Adjunction-Monad Correspondence):
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1. Let F: C — D and G: D — C be functors with F - G (F left adjoint to G).
By definition, we have natural transformations:
n: 1C — G-F (unit)
€: F-G — 1D (counit)
satisfying the triangular identities:
(eF) - (Fn) = IF
(Ge) - MG) = 1G

2. Define T=G-F:C—C
We need to show T forms a monad (T,n,u) where:
- T is an endofunctor on C
-n: 1C — T is the unit
- w: T2 — T is the multiplication defined as p = GeF

3. Verify the monad laws:

a) Left unit law: p - (Tn) = 1T
Starting with p - (Tn):
= (GeF) - (GFn)
= G(eF - Fn) (by functoriality)
=G(1F) (by triangular identity)
=1GF=1T

b) Right unit law: p - (MT)=1T
Starting with p - (nT):
= (GeF) - (nGF)
=G(g) - MG)F (by naturality)
=1GF=1T (by triangular identity)

¢) Associativity: p - (Tp) =p - (uT)
Left side: p - (Tp) = (GeF) - (GFGeF)
Right side: p - (uT) = (GeF) - (GeGF)

These are equal by the naturality of €:
eF - FGe=¢ - ¢FG

4. Show the construction is functorial:
For any adjunction F < G, the constructed monad preserves:
- Functor composition
- Natural transformations
- Adjunction isomorphisms

5. Prove uniqueness:
If (T,n,w) is @ monad arising from the adjunction F < G, then:
- T must be G-F
- 1 must be the unit of the adjunction
- uw must be GeF
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Therefore, the adjunction F - G gives rise to a unique monad (T,n,u).
]

class AdjunctionMonad:
"""Implementation of adjunction-monad correspondence
def init (self,
F: Functor,
G: Functor,
unit: Natural Transformation,
counit: NaturalTransformation):

nun

self.unit = unit
self.counit = counit

def construct_monad(self) -> Monad:
"""Construct monad from adjunction

T = self.G.compose(self.F)

# Use adjunction unit as monad unif]
eta = self.unit

# Construct multiplicatio
mu = self. construct multiplication()

return Monad(T, eta, mu)

def construct multiplication(self) -> Natural Transformation:
"""Construct monad multiplication from counit"""
def component A(A: Object):
# pA = G(eFA): GGFA — GA

return self.G.map_morphism(
self.counit.component(self. F.map object(A))

return Natural Transformation(
source=self.T.compose(self.T),
target=self. T,
components={A: component A(A)
for A in self.F.source category.objects}

B.2.2 Limits and Colimits

Theorem B.2.2 (Existence of Products)
In a category C with all binary products, the n-ary product of objects A ,...,An exists and is unique
up to isomorphism.

Proof of Theorem B.2.2 (Existence of Products):

1. Base case (n=2):
Given by assumption that C has all binary products.
For objects A , A, there exists P_, with projections:
71:1: P12 - A1
71:2: P12 - A2
satisfying the universal property.
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2. Inductive hypothesis:
Assume for some k > 2, the k-ary product exists for any k objects
with projections m;i: P — A satisfying the universal property.

3. Inductive step (k — k+1):
Given objects A ..., Aks1

a) By inductive hypothesis, there exists a k-ary product:
P = A X..xAk with projections m;: P — A;

b) By assumption, there exists binary product:
Q = Px Ay with projections:
p:Q—P
p2: Q - Ak""l

¢) Define projections for Q:
Fori=1,.. .k
TEi'Z Q —)Ai:ﬂ:i o p1
Tkar': Q = Ak =,

4. Verify universal property for Q:
For any object X with morphisms fi: X — A; (i=1,....,k+1):

a) By inductive hypothesis, there exists unique h: X — P
such that; - h=fi fori=1,...k

b) By binary product property, there exists unique g: X — Q
such that:
p,-g=h
P, « &= fia

¢) Show g is unique:
If g' also satisfies the conditions, then:
p, - g = h (by uniqueness of h)
P, o g = ficu
Therefore g' = g by uniqueness of binary product

5. Verify associativity and commutativity:
Show that different groupings of products are naturally isomorphic:
(AxB)xC = AX(BxC)
AXB = BXA

6. Therefore, by induction, n-ary products exist for all n > 2

and are unique up to unique isomorphism.
]

class ProductConstruction:
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"""Implementation of categorical product construction"""

def init_ (self, category: Category):
self.category = categor

def construct_binary_product(self,

B: Object) -> Tuple[Object, Morphism, Morphism]:
"""Construct binary product with projections"""

product = self. construct product object(A, B)

# Construct projection morphisms
projl = self._construct_projection(product, A, 0)
proj2 = self. construct projection(product, B, 1)

return product, projl, proj2,

def construct n_ary product(self,
objects: List[Object]) -> Tuple[Object, List{fMorphism]]:
"""Construct n-ary product inductively"""!
if len(objects) == 0:
return self.category.terminal object(), []
if len(objects) == 1:
return objects[0], [self.category.identity morphism(objects[0])]

# Recursive construction

# Recursively construct products of halves
P1, projs1 = self.construct n_ary product(objects[:mid]
P2, projs2 = self.construct n_ary product(objects[mid:])

# Form binary product of results
P, pil, pi2 = self.construct binary product(P1, P2)

# Compose projections
projections = ([pil.compose(p) for p in projs1] +
[pi2.compose(p) for p in projs2])

return P, projections|

B.3 Categorical Foundations for Al
B.3.1 Categorical Neural Networks

Theorem B.3.1 (Universal Approximation with Categorical Structure)

Let C be a category with finite products and F: C — Set be a functor preserving products. Then any
continuous function f: R* — R™ can be approximated arbitrarily well by a categorical neural
network preserving the structural properties of C.

Proof of Theorem B.3.1 (Universal Approximation with Categorical Structure):

1. Setup:
Let C be a category with finite products and F: C — Set be a functor preserving products.
Let f: R* — R™ be a continuous function.
Let € > 0 be given.

2. Classical Universal Approximation:
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By the classical universal approximation theorem, there exists a neural network N such that:
supyek If(x) - N(x)I < €/2
where K is any compact subset of R»

3. Categorical Lifting Construction:

a) Define objects in C:
- Input object X = Ob(R")
- Output object Y = Ob(R™)
- Hidden objects H; = Ob(R")
where h; are the hidden layer dimensions

b) Define morphisms in C:
For each layer 1:
(O] % H, — Hj+
such that F(¢y) corresponds to the layer transformation in N

¢) Construct categorical neural network N:
- Objects: {X, H,,...,.Hk, Y}
- Morphisms: {@.,...,k}

- Composition: @k - ... - @,

4. Preservation of Approximation:

a) Show F(N) approximates N:
IF(N)(x) - N(x)I < &/4
This follows from F preserving products and continuity

b) Triangle inequality:
If(x) - FEON)(x)I < If(x) - N(x)I + IN(x) - FN)(x)!
<e/2+¢e/4
<g

5. Categorical Structure Preservation:

a) For any morphism a: A — B in C:
F(a - N) = F(a) - F(N)
by functoriality of F

b) For products:
F(AxB) = F(A)xF(B)
preserving product structure

¢) For compositions:
F(gi-01) =F(o) - F(0 )
preserving network architecture

6. Optimality:
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a) Show N is minimal:
If M is another categorical neural network with:
If(x) - E(M)(x)I < ¢
Then dim(M) > dim(N) - &
where 6 depends on ¢

b) Prove uniqueness up to isomorphism:
IfN , and Nz both achieve s—approxin}ationi
then there exists an isomorphism 0: N, = N,
preserving categorical structure

7. Convergence:

a) Show uniform convergence:
For en — 0, construct sequence Ny, such that:
supyex () - FNp)(x) — 0

b) Prove categorical convergence:
For any morphism a in C:
F(a - Np) — F(a) - f
in the appropriate topology

Therefore, N provides an g-approximation of f while preserving categorical structure through F.

class CategoricalUniversal Approximator:
"""Implementation of categorical universal approximation
def init (self,
category: Category,|
functor: Functor,
epsilon: float):
self.category = categor
self.functor = functo
self.epsilon = epsilo

def approximate _function(self,

f: Callable[[np.ndarray], np.ndarray],
input_dim: int,
output_dim: int) -> CategoricalNeuralNetwork:
"""Construct categorical neural network approximating """
# Create classical neural network]
classical network = self. construct classical network(
input_dim, output din

# Train classical networ
self. train classical network(classical network, f)

# Lift to categorical structure
categorical network = self. categorical lifting(
classical networ

# Verify approximation and categorical properties
self. verify approximation(categorical network, f)
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return categorical networ

def categorical lifting(self,
network: nn.Module) -> CategoricalNeuralNetwork:
"""Lift classical network to categorical structure™""

categorical layers =[]

for layer in network.layers:
# Create categorical objects for laye
domain = self. create layer object(|
layer.in_features

codomain = self._create layer object(
layer.out features

# Create categorical laye

cat_layer = CategoricalLayer(
domain=domain,
codomain=codomain,|
morphisms=morphisms|

categorical layers.append(cat layer)

return CategoricalNeuralNetwork(
layers=categorical layers,|
functor=self.functo

B.3.2 Categorical Learning Theory

Theorem B.3.2 (Categorical Vapnik-Chervonenkis Dimension)
For a category C and functor F: C — Set, the VC-dimension of the class of categorical classifiers
preserving F is bounded above by:

VC(C,F) < dim(Mor(C)) + log,(|Ob(C))|)
where Mor(C) is the set of morphisms and Ob(C) is the set of objects.

Proof:
1. Let S be a shattered set of size n
2. Each point in S requires:
- Choice of object (log (|Ob(C)|) bits)
- Choice of morphism (dim(Mor(C)) bits)
3. Growth function bounded by polynomial in these parameters
4. Apply Sauer's Lemma
]

class Categorical VCDimension:
"""Implementation of categorical VC-dimension computation

LALLAL
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def init (self,
category: Category,
functor: Functor):
self.category = categor
self.functor = functor

def compute_vc_dimension(self) -> int;
"""Compute VC-dimension bound"""
# Compute morphism dimensio
mor_dim = self. compute morphism dimension()

# Compute object complexit
obj_complexity = math.log2(len(self.category.objects))

# Return bound
return int(mor_dim + obj complexity)

def compute morphism_dimension(self) -> float:
"""Compute dimension of morphism space"""

for morphism in self.category.morphisms.values():
# Get parameter dimensio
if isinstance(morphism, ParametrizedMorphism):
total dim += morphism.parameter dimension()

return total din

def verify_shattering(self])
points: List[Any],
classifiers: List[CategoricalClassifier]) -> bool:
"""Verify if point set is shattered"""
n = len(points)

# Check all possible labelings|
for labels in itertools.product([0, 1], repeat=n):
# Find classifier achieving this labeling
found = False
for classifier in classifiers:
if all(classifier(p) ==
for p, 1 in zip(points, labels)):

return True|

B.3.3 Categorical Information Theory

Theorem B.3.3 (Categorical Channel Capacity)

For a categorical communication channel modeled by functor F: C — D, the channel capacity is
given by:

C(F) =sup{I(X;Y) | X € Ob(C), Y = F(X)}

where I(X;Y) is the mutual information between objects.

Proof:
1. Consider probability distributions on objects of C
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2. F induces push-forward distributions on D
3. Mutual information well-defined via categorical structure

4. Apply classical channel coding theorem in categorical setting
]

class CategoricalChannelCapacity:
"""Implementation of categorical channel capacity computation
def init (self,
source_category: Category,
target category: Category,|
functor: Functor):
self.source = source_catego
self.target = target category
self.functor = functor

LA

def compute_capacity(self,
n_samples: int = 1000) -> float:
"""Compute channel capacity via optimization
# Initialize distribution over source objects
distribution = self. initialize distribution()

WAL

# Optimize mutual informatior
optimal_distribution = self. optimize mutual information(
distribution,)

capacity = self. compute mutual information(|
optimal_distributio

return capacit

def compute mutual information(self]
distribution: Dict[Object, float]) -> float:
"""Compute mutual information for given distribution"""
# Compute input entrop
H X =self. compute entropy(distribution)

# Compute conditional entrop
X =self. compute conditional entropy(|

return H X -H Y given

def optimize mutual information(self,
initial_dist: Dict[Object, float],
n_samples: int) -> Dict[Object, float]:
"""Optimize distribution to maximize mutual information
current dist = initial dis

for _in range(n_samples):
# Compute gradient|
grad = self. compute gradient(current dist)

# Project onto probability simple
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current_dist = self. project onto simplex(

return current dist

B.4 Advanced Categorical Optimization Theory
B.4.1 Categorical Gradient Descent
Theorem B.4.1 (Categorical Gradient Flow)
Let C be a category with a Riemannian structure and F: C — R a smooth functor. The categorical
gradient flow of F is given by:
orc(t) = -grad F(c(t))
where grad F is the categorical gradient defined via the Riemannian structure.
Proof of Theorem B.4.1 (Categorical Gradient Flow):
1. Setup:
Let (C,g) be a category with Riemannian structure g
Let F: C — R be a smooth functor
Consider flow c(t) in C

2. Riemannian Structure:

a) For each object A in C, define tangent space T.C
with inner product g,: T.C x T.C — R

b) For morphism ¢: A — B, define differential:
do: T,C — TyC preserving metric structure

3. Categorical Gradient:

a) Define gradient at point p € C:
grad F(p) € ToC such that:

gp(grad F(p), v) = dF(p)(v)
forall ve TpC

b) Show existence and uniqueness:
By Riesz representation theorem in TpC

4. Flow Equations:

a) Write categorical gradient flow:
orc(t) = -grad F(c(t))

b) In local coordinates (x'):
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dx'/dt = -gli OF/ox/
where gl is inverse metric tensor

5. Conservation Laws:

a) Energy decreases along flow:
d/dt F(c(t)) = -lgrad F(c(t))IPkx) <0

b) For symmetries ¢ of F:
F(o(c(t))) = F(c(t))

preserved along flow
6. Existence and Uniqueness:

a) Local existence:
By Picard-Lindel6f theorem in categorical setting

b) Global existence:
Under completeness assumptions on (C,g)

c¢) Uniqueness:
From Lipschitz property of categorical gradient

7. Convergence:

a) Critical points:
p € C with grad F(p) =0

b) Convergence to critical points:
Under suitable conditions:
lim;_, , c(t) exists and is critical

8. Categorical Properties:

a) Naturality:
For functor G: D — C:
G(grad F) = grad(F-G)

b) Product structure:
ForF:C —R,F;:C,—R:
grad(F xF)) = (grad F, grad F,)

Therefore, the categorical gradient flow provides geometrically natural dynamics in C minimizing

F.
]

class CategoricalGradientDescent:
"""Implementation of categorical gradient descent

def init (self,

nmn
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category: RiemannianCategory,
objective _functor: Functor,
learning_rate: float = 0.01):
self.category = categor
self.objective = objective functor
self.lr = learning_rate
self.trajectory: List[Object] =[]

def optimize(self,
initial _point: Object,
n_steps: int = 1000,
tolerance: float = 1e-6) -> Object:
"""Perform categorical gradient descent"""!
current = initial point
self.trajectory.append(current)

for step in range(n_steps):
# Compute categorical gradient
gradient = self. compute categorical gradient(current)

# Check convergence]
if self._norm(gradient) < tolerance:
break]

# Update point via exponential map
current = self.category.exponential map(
current,)
-self.lr * gradient

self.trajectory.append(current)

def compute categorical gradient(self)|
point: Object) -> TangentVector:
"""Compute gradient in categorical setting"""
# Get tangent space at poin
tangent _space = self.category.tangent space(point)

# Compute directional derivatives

derivatives =[]

for basis in tangent_space.basis():
deriv = self. directional derivative(

B.4.2 Categorical Optimization Convergence

Theorem B.4.2 (Categorical Convergence Rate)

For a k-strongly convex objective functor F: C — R with L-Lipschitz categorical gradient,
categorical gradient descent converges at rate:

IF(xn) - Fx*)I < (1 - w/L)" IF(x) - F(x*)I
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where x* is the categorical optimum.
Proof of Theorem B.4.2 (Categorical Convergence Rate):
1. Setup:
Let F: C — R be k-strongly convex with L-Lipschitz categorical gradient
Let {xn} be sequence generated by categorical gradient descent
Let x* be the categorical optimum
2. Strong Convexity in Categorical Setting:
a) Define k-strong convexity:
For all x,y € Ob(C) and t € [0,1]:
F(tx + (1-t)y) < tF(x) + (1-t)F(y) - xt(1-t)Ix-yl*/2
b) Equivalent characterization:
F(y) > F(x) + (grad F(x), y-x) + kly-xI?*/2
for all x,y € Ob(C)
3. Lipschitz Gradient Property:
a) L-Lipschitz condition:
lgrad F(x) - grad F(y)l < LIx-yl
for all x,y € Ob(C)

b) Consequence:
F(y) < F(x) + (grad F(x), y-x) + Lly-xI?/2

4. Descent Lemma:

a) For step size n=1/L:
Xn+1 = Xn - N grad F(xn)

b) Progress bound:
F(Xn+1) < F(xn) - 1/(2L)lgrad F(xn)I?

5. Key Inequality:

a) By strong convexity:
lgrad F(xn)I?> > 2k(F(Xn) - F(x*))

b) Combine with descent lemma:
F(Xn+) - F(x*) < (1 - WL)(F(xn) - F(x*))

6. Convergence Rate Analysis:

a) Apply inequality recursively:
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F(xn) - F(x*) = (1 - W/L)(F(x)) - F(x*))

b) Distance bound:
Ixn - x*I> < 2/k(F(Xn) - F(x*))
< 2/x(1 - WLY(F(x,) - F(x*))

7. Categorical Properties:

a) Show rate is natural:
For functor G: D — C preserving metric structure:
Rate for F-G equals rate for F

b) Product decomposition:
For F = F xF,, rate is minimum of individual rates

8. Optimality of Rate:

a) Construct lower bound example:
F(x) = «IxI*/2 in suitable categorical setting

b) Show no algorithm can achieve better rate
under given assumptions

Therefore, categorical gradient descent converges linearly with rate (1 - k/L).
]

class CategoricalConvergenceAnalyzer:
""" Analyze convergence of categorical optimization
def init (self,
category: Category,
objective: Functor,
strong_convexity: float,
lipschitz_constant: float):
self.category = catego
self.objective = objective]
self.kappa = strong_convexit
self.L = lipschitz constan]

def analyze convergence(self,
trajectory: List[Object],
optimal point: Object) -> Dict[str, Any]:
""" Analyze convergence behavior"""
# Compute convergence rate|
rate = 1 - self.kappa / self.

# Compute error trajectory
errors = self. compute error trajectory(|

# Verify theoretical bound
theoretical bounds = self. compute theoretical bounds(|
errors[0],

len(trajectory)
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'convergence_rate': rate,

'errors': errors,)

'theoretical bounds': theoretical bounds,|
'matches_theory": matches theory

def compute error_trajectory(self,

trajectory: List[Object],
optimal point: Object) -> List[float]:
"""Compute optimization error at each iteration"""

self.category.distance(point, optimal point)

for point in trajecto

B.4.3 Natural Gradient in Categories

Theorem B.4.3 (Categorical Natural Gradient)
In a category C with Fisher information metric G, the natural gradient update is given by:

Ok+1 = Ok - 1 G(Ok) VF(Ok)
where G is the inverse of the categorical Fisher information matrix.
Proof of Theorem B.4.3 (Categorical Natural Gradient):

1. Setup:
Let C be a category with Fisher information metric G
Consider optimization problem min F(0) for 6 € Ob(C)

2. Fisher Information Structure:

a) Define Fisher metric:
Gi(8) = E[dilog p(x|0)0 j log p(x(6)]
where p(x|0) is categorical probability model

b) Properties:
- Positive definite
- Riemannian metric
- Invariant under reparametrization

3. Natural Gradient:

a) Define natural gradient:
VE(0) = G"(6)VF(0)
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where VF is ordinary gradient

b) Update rule:
Ok+1 = Ok - 1 G(Ok) VF(Ok)

4. Information Geometry:

a) Categorical KL-divergence:
KL(p(:[0)[Ip(-[6+86)) = 2607G(0)36 + O(1561°)

b)~Natural gradient as steepest descent:
VF(0) = argmin,, <v,VF(6))
subject to KL(p(:|0)||p(:|0+Vv)) = constant

5. Categorical Properties:

a) Invariance:

Natural gradient independent of parametrization
of categorical structure

b) Functoriality:
For functor ®: D — C:
V(F-®) = d®'VF

6. Convergence Analysis:

a) Local convergence rate:
10k - 0*lg < (1 - NAmin)I6, - 0%l
where Amin s minimum eigenvalue of G'H
and H is Hessian of F

b) Global convergence:
Under suitable conditions on F and G

7. Implementation:

a) Practical computation:
Approximate G via:
- Diagonal approximation
- Block diagonal structure
- Kronecker factorization

b) Adaptive step size:
n adjusted based on local geometry

Therefore, categorical natural gradient provides parametrization-invariant optimization.
]
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class CategoricalNaturalGradient:
"""Implementation of categorical natural gradient descent"""|
def init (self,
category: Category,|
objective: Functor,
learning_rate: float = 0.01):
self.category = catego
self.objective = objective]
self.Ir = learning rate

def optimize(self,|
initial point: Object,
n_steps: int = 1000) -> Object;
"""Perform natural gradient optimization
current = initial poin

for _in range(n_steps):
# Compute regular gradient
gradient = self. compute gradient(current)

# Compute Fisher information matri
fisher = self. compute fisher matrix(current),

# Compute natural gradien
natural_gradient = self. solve fisher system(
fisher,

current = self.category.exponential map(|
current,)
-self.Ir * natural gradien

return current]

def compute fisher matrix(self,
point: Object) -> np.ndarray:
"""Compute Fisher information matrix at point"""
# Get tangent space basis
basis = self.category.tangent _space(point).basis()

def solve fisher system(self,
fisher: np.ndarray,
gradient: np.ndarray) -> np.ndarray:
"""Solve Fisher system for natural gradient"""
# Add regularization for numerical stabilit
regularized fisher = fisher + 1e-6 * np.eye(len(fisher))

# Solve system
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return np.linalg.solve(regularized fisher, gradient)

B.4.4 Information Geometry in Categories

Theorem B.4.4 (Categorical Information Geometry)

The statistical manifold of a categorical probability family P forms a Riemannian manifold with
metric tensor given by the Fisher information matrix:

gi1(0) = E[dilog p(x|6)0 j log p(x[6)]
Proof of Theorem B.4.4 (Categorical Information Geometry):

1. Setup:
Let P be a categorical probability family
Let M be the statistical manifold of P
Consider Fisher metric tensor g; j (0)

2. Statistical Manifold Structure:

a) Define manifold structure:
- Points are probability distributions p(x|0)
- Charts via parametrization 0
- Smooth structure from categorical framework

b) Tangent space identification:
TeM = {dilog p(x/0): i =1,...,n}
where n is dimension of parameter space

3. Fisher Metric Construction:

a) Define metric tensor:
g1 (0) = E[dlog p(x|6)d j log p(x|6)]
= [ 6ilog p(x]0)d j log p(x|0)p(x|0)dx

b) Properties:
- Positive definite
- Symmetric
- Coordinate invariant
- Categorical functorial

4. Categorical Connection:

a) Define a-connection:
I j k(o) = E[0i0 jlog p + (0/2)dilog pd jlog p]
where p = p(x/0)

b) Special cases:
- o = 1: exponential connection
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- oo = -1: mixture connection
- o = 0: Levi-Civita connection

5. Dually Flat Structure:

a) Prove existence of dual coordinates:

n="Vy(0)
where v is potential function

b) Show duality:
(000, 0lom 1 ) = & j
where 06; j is Kronecker delta

6. Information Geometry Properties:

a) Pythagorean theorem:
For p, q, r € M with appropriate orthogonality:
D(plr) = D(plq) + D(qlr)
where D is KL-divergence

b) Projection theorem:
For submanifold S ¢ M:
p* = argmingeg D(plq)
unique under regularity conditions

7. Categorical Structure:

a) Show functoriality:
For categorical functor F: M — N:
F*(gii) = gii
preserving metric structure

b) Prove naturality:
Information geometry structure natural with respect to:
- Parameter transformations
- Sufficient statistics
- Exponential families

8. Applications:

a) Exponential families:
Show canonical form:

p(x(0) = exp(BiFi(x) - w(6))
with natural geometric structure

b) Mixture families:
Prove geometric properties:
- Flatness in mixture coordinates
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- Dual flatness in exponential coordinates
9. Completeness:

a) Show completeness of statistical manifold:
Every geodesic can be extended indefinitely

b) Prove completeness implies:
- Existence of unique geodesics
- Well-defined exponential map
- Global optimization properties

10. Information Monotonicity:

a) Prove monotonicity:
For Markov morphism T:

D(TpITq) < D(plq)

b) Characterize equality:
Equality holds if and only if
T preserves sufficient statistics

Therefore, the statistical manifold P forms a Riemannian manifold with Fisher information metric

tensor g; j (0), possessing rich geometric and categorical structure.
]

class CategoricallnformationGeometry:
"""Implementation of categorical information geometry
def init  (self]
statistical manifold: Category,
probability functor: Functor):
self.manifold = statistical manifol
self.probability = probability functor

nmn

def compute fisher metric(self,
point: Object,
v1: TangentVector,
v2: TangentVector) -> float;
"""Compute Fisher metric between tangent vectors
# Get probability distribution at point
distribution = self.probability.map object(point)

nn

# Compute log-likelihood derivatives|
derivl =self. log likelihood derivative(
distribution,|

# Compute expectation

return self. compute expectation(
distribution,)
lambda x: deriv1(x) * deriv2(x)
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def parallel transport(self,|
vector: TangentVector,
start: Object,
end: Object) -> TangentVector:
"""Parallel transport vector along geodesic
# Get geodesic connecting points
geodesic = self.manifold.geodesic(start, end)

for t in np.linspace(0, 1, 100):
current_point = geodesic(t)

(

return current_vecto

B.5 Categorical Representation Learning
B.5.1 Categorical Autoencoders

Theorem B.5.1 (Categorical Autoencoder Optimality)
Let C be a category and F: C — D a functor between categories. A categorical autoencoder (E,D)
achieving minimal reconstruction error while preserving categorical structure satisfies:

ming p Ix - D(E(x))I? subject to F(D(E(x))) = F(x)
Proof of Theorem B.5.1 (Categorical Autoencoder Optimality):

Let C and D be categories and F: C — D a functor. Consider a categorical autoencoder with encoder
E: C — L and decoder D: L — C, where L is the latent category.

1. First, we establish the reconstruction error:
For x € Ob(C), the reconstruction error is given by:
R(x) = Ix - D(E(x))I?

2. The categorical structure preservation constraint:
F(D(E(x))) = F(x) means there exists an isomorphism in D:

¢x: F(D(E(x))) — F(x)

3. The optimization problem becomes:
min_{E,D} >} Ix; - D(E(x))I?
subject to: Vi, 3¢i: F(D(E(xi))) = F(xi)

4. Using the method of Lagrange multipliers:
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£(E,D,A) =Y Ix; - D(E(xi))I* + Ai(d(F(D(E(xi))), F(xi)))
where d is a suitable metric in D

5. The first-order conditions give:
0£/0E = 0: -2D'(E(x))(x - D(E(x))) + AF'(D(E(x))) =0
0£/0D = 0: -2(x - D(E(x))) + AF'(D(E(x))) =0

6. These equations imply:
D'(E(x)) =1+ 0®)
where I is the identity and O(A) represents terms of order A

7. Therefore, for small A, the optimal solution satisfies:
D(E(x)) = x + O()A)
F(D(E(x))) = F(x)

This proves the existence and characterization of the optimal categorical autoencoder.
]

class Categorical Autoencoder:
"""Implementation of categorical autoencoder
def init_ (self]|
source_category: Category,)
latent_category: Category,
structure_functor: Functor):
self.source = source_categor
self.latent = latent category
self.functor = structure functor

# Initialize encoder and decoder
self.encoder = self._initialize encoder()
self.decoder = self. initialize decoder()

def train(self,
data: List[Object],
n_epochs: int = 100,
batch_size: int = 32) -> Dict[str, List[float]]:
"""Train categorical autoencoder"""

for key in losses:
losses[key].append(epoch losses[key])

return losses|

def train_epoch(self,
data: List[Object],

batch_size: int) -> Dict[str, float]:
"""Train for one epoch"""
total losses = {
'reconstruction': 0.0,

New York General Group

51



'structural': 0.0

# Process batches
for batch in self. get batches(data, batch size):

latent = self.encoder(batch)
reconstructed = self.decoder(latent)

# Compute losses
recon_loss = self. reconstruction loss(

total loss =recon_loss + self.lambda struct * struct loss|
self. update parameters(total loss)

# Accumulate losses
total losses['reconstruction'] += recon_loss.item(),
total losses['structural'] += struct loss.item()

return {k: v/len(data) for k, v in total losses.items()}

def structural loss(self,
original: List[Object],
reconstructed: List[Object]) -> torch.Tensor:
"""Compute structural preservation loss"""|
# Map objects through structure functo
F_original = [self.functor(x) for x in original]
F reconstructed = [self.functor(x) for x in reconstructed]

# Compute structural difference]

self.latent.distance(Fx, Fy)
for Fx, Fy in zip(F original, F reconstructed)

B.5.2 Categorical Variational Inference

Theorem B.5.2 (Categorical ELBO)
For a categorical probabilistic model with parameters 6, the Evidence Lower BOund (ELBO) in
categorical form is:

ELBO(6) = E[log p(x|2)] - KL(q(z[x) || p(2))
where the expectations are taken with respect to the categorical structure.
Proof of Theorem B.5.2 (Categorical ELBO):

1. Start with the log likelihood:
log p(x) = log [ p(x,z)dz

2. Introduce variational distribution q(z|x):

New York General Group

52



log p(x) = log | p(x,z) q(z|x)/q(z|x) dz

3. Apply Jensen's inequality in the categorical setting:
log p(x) > ] q(z[x) log(p(x,2)/q(z[x))dz

4. Expand the joint probability:
= | q(z[x) log(p(x|z)p(2)/q(z|x))dz

5. Separate the terms:
=1 q(z[x) log p(x|z)dz - | q(z[x) log(q(zlx)/p(2))dz

6. Identify the KL divergence:
= E[log p(x|2)] - KL(q(z[x) || p(2))

7. In the categorical setting, the expectations are taken with respect to the categorical structure:
Eflog p(x[2)] = ] log p(x|z)du(2)
where p is a measure on the category C

8. The KL divergence is computed using the categorical structure:
KL(q(zx) || p(2)) = ] a(zlx) log(q(zix)/p(2))du(z)

Therefore, ELBO(0) = E[log p(x|z)] - KL(q(z[x) || p(z)) is the tight lower bound on log p(x) in the

categorical setting.
]

class Categorical Variationallnference:
"""Implementation of categorical variational inference
def init  (self]
model_category: Category,
latent dimension: int):
self.category = model_categor
self.latent dim = latent dimensio

# Initialize variational components|
self.encoder = self. build_encoder()
self.decoder = self. build decoder()

def compute_elbo(self,

n_samples: int = 10) -> torch.Tensor:
"""Compute categorical ELBO"""
# Get variational parameters
mu, log var = self.encoder(x)

total_elbo = 0.0
for _inrange(n_samples):

z = self. reparameterize(mu, log var)

# Decode
x_recon = self.decoder(z)

# Compute ELBO components|
recon_loss = self. reconstruction_likelihood(
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kl_loss = self. kl divergence(mu, log var)

total elbo +=recon loss - kl loss|
return total elbo / n_samples|

def reparameterize(self,
mu: torch.Tensor,
log_var: torch.Tensor) -> torch.Tensor:
"""Reparameterization trick for categorical setting
std = torch.exp(0.5 * log_var)
eps = torch.randn_like(std)
return mu + eps * std

nnn

def kl divergence(self,
mu: torch.Tensor,|
log_var: torch.Tensor) -> torch.Tensor:
"""Compute KL divergence in categorical setting
return -0.5 * torch.sum(
1 +log var - mu.pow(2) - log var.exp(),

nn

B.5.3 Categorical Representation Disentanglement

Theorem B.5.3 (Categorical B-VAE)
The categorical B-VAE objective for learning disentangled representations while preserving
categorical structure is:

£(0,0:x,p) = E[log pg(x[z)] - B KL(qq(2[x) || p(2))
where B > 1 encourages disentanglement in the categorical latent space.

Proof of Theorem B.5.3 (Categorical B-VAE):

1. Start with the standard VAE objective:
£(0,9;x) = E[log pg(x|2)] - KL(q4(z[x) || p(2))

2. Introduce the B parameter:
£(0,0:x,p) = E[log pg(x|2)] - B KL(qg(z[x) | p(2))

3. In the categorical setting, show that > 1 encourages disentanglement:
a) The reconstruction term preserves categorical structure:

E[log pg(x[2)] = ¢ log pe(x[z)du(z)
where p respects the categorical structure

b) The KL term with B > 1 enforces stronger regularization:
B KL(dg(zx) [ p(2)) = B I dg(2/x) log(de(z/x)/p(z))dn(z)

c¢) This stronger regularization pushes the latent representations towards:
- Independence (factorized prior p(z))

- Categorical structure preservation (through p)
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4. The optimal solution satisfies:
0£/00 = 0: Balance between reconstruction and categorical structure
0£/0¢p = 0: Balance between compression and disentanglement

5. For B > 1, the solution emphasizes:
- Disentangled representations in the latent space
- Preservation of categorical structure
- Minimal mutual information between latent dimensions

Therefore, the categorical B-VAE objective achieves disentangled representations while preserving

categorical structure.
]

class CategoricalBetaVAE:
"""Implementation of categorical B-VAE"""
def init (self,
category: Category,
beta: float = 4.0):
self.category = categor

# Initialize networks|
self.encoder = CategoricalEncoder(category)
self.decoder = CategoricalDecoder(category),

def train_step(self,
x: Object) -> Dict[str, float]:
"""Single training step"""
# Encode
mu, log var = self.encoder(x)

# Sample latent

z = self. reparameterize(mu, log var)
# Decode]

x_recon = self.decoder(z)

recon_loss = self. reconstruction_loss(x, x_recon)
kl loss = self. kl divergence(mu, log var)

# Total loss with  weightin
total loss =recon loss + self.beta * ki loss|

# Update parameters
self. update parameters(total loss)

'reconstruction': recon_loss.item(),
'kl": k1_loss.item(),
'total": total loss.item(),

def evaluate disentanglement(self,|
test_data: List[Object]) -> float:

"""Evaluate disentanglement metric
# Encode test data
encodings = []
for x in test_data:
mu, = self.encoder(x)
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encodings.append(mu)

# Compute disentanglement score|
return self. compute disentanglement score(encodings)
Appendix C: Advanced Applications and Implementations

C.1 Categorical Deep Learning Architecture

C.1.1 Categorical Transformer Implementation

class Categorical TransformerBlock(nn.Module):
""" Advanced transformer implementation with categorical structure
def init_(self,

nmn

dim: int,

heads: int = 8,

dim_head: int = 64,

mlp_dim: int = 2048):
super(). _init_ (),
self.category = catego

# Categorical attention with structure preservatio
self.attention = CategoricalMultiHead Attention(
category=category,)
dim=dim,|
heads=heads,)
dim head=dim head

# Categorical MLP with functorial properties
self.mlp = CategoricalMLP(|
category=category,
dim_in=dim,
dim_hidden=mlp dim,|
dim out=di

# Categorical normalization preserving structure
self.norm1 = CategoricalLayerNorm(category, dim)
self.norm?2 = CategoricalLayerNorm(category, dim)

# Functorial connections
self.connections = self. initialize functorial connections()

def forward(self, x: CategoricalTensor) -> Categorical Tensor:

"""Forward pass preserving categorical structure
# Attention block with residua

attended = self.attention(self.norm1(x))

x = X + self.connections['attention'](attended)

# MLP block with residual
transformed = self.mlp(self.norm2(x))
x = x + self.connections['mlp'](transformed)

return

def initialize functorial connections(self) -> Dict[str, Functor]:
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"""Initialize functorial connections between components

source_category=self.category,

target category=self.category,

object map=self. create mlp object map(),
morphism_map=self. create mlp morphism_map(),

C.1.2 Categorical Attention Mechanism

class CategoricalMultiHeadAttention(nn.Module):
"""Multi-head attention with categorical structure preservation
def init (self,

mnmn

heads: int = 8|

dim_head: int = 64,

dropout: float = 0.1):
super(). init_ ()
self.category = categor
self.heads = heads
self.dim head = dim head

# Categorical projections

self.to_q = CategoricalLinear(category, dim, heads * dim_head),
self.to_k = CategoricalLinear(category, dim, heads * dim_head),
self.to_v = CategoricalLinear(category, dim, heads * dim_head),
self.to_out = CategoricalLinear(category, heads * dim head, dim)

# Categorical dropout with structure preservatio
self.dropout = CategoricalDropout(category, dropout)

# Initialize attention weights with categorical structure]
self.attention_weights = self. initialize categorical weights(),

def forward(self)

x: CategoricalTensor,
mask: Optional[torch.Tensor] = None) -> Categorical Tensor:
"""Forward pass with categorical structure preservation"""

h = self.heads|

q = self.to_q(x).reshape(b, n, h, self.dim_head)

k =self.to_k(x).reshape(b, n, h, self.dim_head),
v = self.to_v(x).reshape(b, n, h, self.dim_head),

# Compute attention scores with categorical structure
dots = self. categorical attention scores(q, k, mask)

# Apply attention to values
out = self. apply categorical attention(dots, v)

# Project back to original space
return self.to_out(out)
def categorical attention scores(self]|
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q: torch.Tensor,|

k: torch.Tensor,

mask: Optional[torch.Tensor]) -> torch.Tensor:
"""Compute attention scores preserving categorical structure
# Compute scaled dot products

dots = torch.einsum('bhid,bhjd->bhij', g, k) * self.scale

# Apply mask if provided
if mask is not None:
dots = dots.masked fill(mask == 0, float('-inf"))

# Apply categorical structure preservatio
dots = self. preserve categorical structure(dots)

return self.dropout(dots.softmax(dim=-1)),

C.1.3 Categorical Loss Functions

class CategoricalLoss:
"""Loss functions preserving categorical structure
def init (self,

AL

loss_type: str ='cross_entropy'):
self.category = categor
self.loss type = loss_type

def call (self,
predictions: CategoricalTensor,
targets: CategoricalTensor) -> torch.Tensor:
"""Compute loss while preserving categorical structure
if self.loss_type == 'cross_entropy":
return self. categorical cross_entropy(predictions, targets)
elif self.loss_type == 'mse":
return self. categorical mse(predictions, targets)

raise ValueError(f'"Unknown loss type: {self.loss type}")

def categorical cross_entropy(self,
predictions: Categorical Tensor,
targets: CategoricalTensor) -> torch.Tensor:

nnn

"""Cross entropy loss with categorical structure
# Apply categorical structure preservation|
pred logits = self. apply categorical structure(predictions)

# Compute cross entrop

loss = F.cross_entropy(|
pred _logits.view(-1, pred logits.size(-1)),
targets.view(-1),
reduction="none

# Apply categorical weighting]
weighted loss = self. apply categorical weights(loss)

return weighted loss.mean(),
C.2 Categorical Optimization Algorithms

C.2.1 Categorical Adam Optimizer

class CategoricalAdam:
""" Adam optimizer with categorical structure preservation
def init (self,

nmn
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params: Iterator[CategoricalParameter],
category: Category,|
Ir: float = le-3,
betas: Tuple[float, float] = (0.9, 0.999),
eps: float = le-8):

self.category = categor

self.params = list(params)

# Initialize state with categorical structure
self.state = self. initialize categorical state()

def step(self, closure: Optional[Callable] = None) -> Optional[float]:
"""Perform single optimization step preserving category structure"""

if closure is not None:
loss = closure(),

for param in self.params:
if param.grad is None:
continue]

# Get parameter state

state = self.state[param]

# Update biased first moment estimate]

state['exp_avg'] = self. update moment(
state['exp_avg'],

param.grad,
self.betas[0]

# Update biased second raw moment estimate]
state['exp_avg_sq'] = self. update moment(
state['exp_avg_sq'l,
param.grad ** 2|
self.betas[1]

# Compute bias-corrected moments
exp_avg_corr = self. bias_correct(|
state['exp_avg'],
self.betas[0],
state['step']

exp_avg sq corr = self. bias correct(
state['exp_avg sq'l,

self.betas[1],
state['step']

# Update parameters with categorical structure preservation|
self. categorical update(

exp_avg_coft,

state['step'] +=1

return loss

def categorical update(self,
param: CategoricalParameter,
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m: torch.Tensor,|

v: torch.Tensor):
"""Update parameters preserving categorical structure
# Compute update directio

nmn

update = m / (v.sqrt() + self.eps)

# Apply categorical structure preservatior
update = self. preserve categorical structure(update)

# Update parameter
param.data.add (-self.lr * update)

C.2.2 Categorical Natural Gradient Descent

class CategoricalNaturalGradient:
"""Natural gradient descent with categorical structure
def init (self,
model: CategoricalModule,

Ir: float = 0.01,
damping: float = le-4):
self.model = model
self.category = catego
selfllr=1
self.damping = damping|

# Initialize Fisher information matrix
self.fisher = self. initialize fisher matrix()

def step(self, loss_fn: Callable) -> None:
"""Perform natural gradient update"""|

grads = self. compute gradients(loss fn)

# Compute Fisher-vector produc
natural grads = self. compute natural gradients(grads)

# Update parameters with categorical structure preservatior
self. update parameters(natural grads)

def compute natural gradients(self,
grads: Dict[str, torch.Tensor]) -> Dict[str, torch.Tensor]:
"""Compute natural gradients using Fisher information"""

natural grads = {}

for name, grad in grads.items():
fisher block = self.fisher[name]
# Solve Fisher system with damping
natural grad = self. solve fisher system(

fisher block,

self.damping

# Apply categorical structure preservatio
natural_grad = self. preserve categorical structure(
natural grad

natural grads[name] = natural grad
return natural grads
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C.2.3 Categorical Second-Order Methods

class CategoricalHessianFree:
"""Hessian-free optimization with categorical structure
def init (self,
model: CategoricalModule,
category: Category,
max_iterations: int = 100,
tolerance: float = 1e-10);
self.model = model
self.category = categor
self.max_iter = max iterations
self.tol = tolerance

"

def step(self, loss_fn: Callable) -> None:
"""Perform Hessian-free optimization step
# Compute gradient
grad = self. compute gradient(loss_fn)

# Initialize conjugate gradient state|
cg state = self. initialize cg _state(grad)

# Conjugate gradient iteration with categorical structure]
solution = self. conjugate gradient(

cg_state,
self. categorical hvp fn(loss fn)

# Update parameters
self. update parameters(solution)

def categorical hvp_fn(self]
loss_fn: Callable) -> Callable:
"""Create Hessian-vector product function preserving structure
def hvp(v: torch.Tensor) -> torch.Tensor:
# Compute Hessian-vector produc
prod = self. compute hvp(loss fn, v)

# Apply categorical structure preservatior
return self. preserve categorical structure(prod)

def conjugate gradient(self,
grad: torch.Tensor,
state: Dict[str, torch.Tensor],
hvp_fn: Callable) -> torch.Tensor:
"""Conjugate gradient with categorical structure preservation
x = state['x']
r = state['r']

nmn

for i in range(self.max _iter):
# Compute Hessian-vector produc

alpha= (r @ )/ (p @ Hp + self.tol)
x =X + alpha * p

# Update residuall
r new =r - alpha * Hp
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# Check convergence]
if torch.norm(r new) < self.tol:

return

C.3 Advanced Training Procedures

C.3.1 Categorical Curriculum Learning

class CategoricalCurriculumLearner:
"""Curriculum learning with categorical structure preservation"""
def init_(self,
model: CategoricalModule,
category: Category,
difficulty fn: Callable[[Object], float],
n_stages: int = 5):
self.model = model
self.category = categor
self.difficulty fn = difficulty fr
self.n_stages =n_stages|

# Initialize curriculum stages|
self.stages = self. _initialize curriculum_stages()
self.current stage = 0

def train_stage(self,
dataloader: CategoricalDatal.oader,
optimizer: CategoricalOptimizer,
epochs: int) -> Dict([str, float]:
"""Train current curriculum stage"""
metrics = defaultdict(list)

# Get current stage difficulty threshold
difficulty threshold = self.stages[self.current stage]['threshold']

for epoch in range(epochs):
stage metrics = self. train_epoch(|
dataloader,

difficulty threshold

# Accumulate metrics
for k, v in stage metrics.items():
metrics[k].append(v),

# Check advancement criteria
if self._should advance stage(metrics):
self.current stage += 1

return dict(metrics)

def train_epoch(self,
dataloader: CategoricalDatal oader,

optimizer: CategoricalOptimizer,
difficulty threshold: float) -> Dict[str, float]:
"""Train single epoch with difficulty threshold"""
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epoch_metrics = defaultdict(float)
n_samples = ()

for batch in dataloader:
# Filter samples by difficult
batch = self. filter by difficulty(|

difficulty threshold

if len(batch) == 0:
continue

# Forward pass with categorical structure preservatio
loss, metrics = self. categorical forward pass(batch)

# Backward pass|
optimizer.zero_grad()
loss.backward(),

# Update with categorical structure preservatio
optimizer.step()

# Accumulate metrics

batch_size = len(batch)

for k, v in metrics.items():
epoch_metrics[k] += v * batch size

n_samples += batch_size]

return {k: v/n_samples for k, v in epoch metrics.items()}

C.3.2 Categorical Meta-Learning

class Categorical MAML.:
"""Model-Agnostic Meta-Learning with categorical structure
def init  (self]
model: CategoricalModule,
category: Category,
inner_lIr: float =0.01,
meta_lr: float =0.001,
n_inner_steps: int =5):
self.model = model
self.category = catego
self.inner_Ir = inner 1
self.meta Ir =meta Ir
self.n_inner steps =n_inner steps

# Initialize meta-optimize

self.meta_optimizer = Categorical Adam(
self.model.parameters(),
category=category,)

def meta_train_step(self,

task batch: List[Task]) -> Dict[str, float]:
"""Perform single meta-training step"""
meta_loss = 0

meta_metrics = defaultdict(float)

for task in task_batch;

# Clone model for task-specific adaptatior
task model = self. clone model with structure()

# Inner loop adaptation
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adapted model = self. inner loop adaptation(
task_model,
task.support se

# Evaluate on query set
task loss, task metrics = self. evaluate task(|

adapted _model,
task.query sef|

meta_loss += task loss
for k, v in task_metrics.items():
meta_metrics[k] +=

# Meta-update with categorical structure preservatio
self.meta_optimizer.zero grad()
meta_loss.backward()

self. meta_optimizer.step()

return {k: v/len(task batch) for k, v in meta_metrics.items()}

def inner loop_ adaptation(self]
model: CategoricalModule,
support_set: Dataset) -> CategoricalModule:
""" Adapt model to task using support set"""
for inrange(self.n_inner steps):
# Compute loss on support sef]
loss, = self. categorical forward pass(
model,

# Compute gradients|
grads = torch.autograd.grad(

model.parameters(),
create graph=True

# Update parameters with categorical structure preservatior

return model

C.3.3 Categorical Continual Learning

class Categorical EWC:
"""Elastic Weight Consolidation with categorical structure
def init (self,
model: CategoricalModule,
category: Category,|
importance: float = 1000.0):
self.model = model
self.category = catego
self.importance = importance|

nmn

# Initialize Fisher information matrix|
self.fisher = {}
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# Store optimal parameters
self.optimal params = {}

def compute_fisher(self, dataloader: CategoricalDatal oader);
"""Compute Fisher information matrix for current task"""
fisher = defaultdict(float)

for batch in dataloader:
# Forward pass with categorical structure
loss, =self. categorical forward pass(batch)

# Compute gradients|
grads = torch.autograd.grad(

self.model.parameters(),
retain_graph=True)

# Accumulate Fisher informatio
for param, grad in zip(self.model.parameters(), grads):
fisher[param] += grad.pow(2)

# Normalize and store
n_samples = len(dataloader.dataset),
self.fisher = {k: v/n samples for k, v in fisher.items()}

def ewc_loss(self, current loss: torch.Tensor) -> torch.Tensor:
"""Compute EWC loss with categorical structure preservation
ewc loss =0

nn

for param in self.model.parameters():
# Skip if parameter not in Fisher matrix|
if param not in self.fisher:
continue|

# Compute EWC penalt
_loss = self.fisher[param] * (param - self.optimal params[param]).pow(2)

# Apply categorical structure preservatio
_loss = self. preserve categorical structure( loss)

ewc_loss += loss.sum()

return current loss + self.importance * ewc_loss|

C.4 Implementation Details

C.4.1 Categorical Tensor Operations

LALAL

"""Tensor implementation with categorical structure preservation

structure_map: Dict[str, Functor]):
self.data = data
self.category = catego
self.structure_map = structure _map|

def categorical matmul(self,
other: 'CategoricalTensor") -> 'Categorical Tensor":

AL

"""Matrix multiplication preserving categorical structure
# Standard matrix multiplicatior
result = torch.matmul(self.data, other.data)
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# Preserve categorical structure
preserved result = self. apply structure preservation(

operation="matmul’

# Update structure map for resul

new_structure map = self. compose structure maps(
self.structure_map,
other.structure map|

return Categorical Tensor(|
preserved result,

new_structure map

def categorical _conv(self]
kernel: 'Categorical Tensor',
stride: int=1,
padding: int = 0) -> 'Categorical Tensor":
"""Convolution operation with categorical structure
# Standard convolutior
result = F.conv2d(

kernel.data,
stride=stride,
padding=padding]

# Preserve categorical structure
preserved result = self. apply structure preservation(

new_structure map

C.4.2 Categorical Layer Implementations

class CategoricalLinear(nn.Module):
"""Linear layer with categorical structure preservation
def init (self,
category: Category,
in_features: int,
out features: int,|
bias: bool = True):
super().__init_ (),
self.category = catego

# Initialize weights with categorical structure
self.weight = CategoricalParameter(
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torch.randn(out_features, in_features) / math.sqrt(in_features),
category=categor

if bias:
self.bias = CategoricalParameter(
torch.zeros(out_features),
category=catego

self.register parameter('bias', None)

# Initialize structure preserving transforms
self.structure transforms = self. initialize structure transforms()

def forward(self, x: CategoricalTensor) -> Categorical Tensor:
"""Forward pass with categorical structure preservation"""
# Standard linear transformation
output = F.linear(x.data, self.weight.data, self.bias.data if self.bias is not None else None)

# Apply structure preservatio
preserved output = self. preserve structure(output, x)

# Update categorical structure
new_structure map = self. update structure map(x.structure _map),

return Categorical Tensor(|
preserved_output,

new_structure map

C.4.3 Categorical Optimization Implementation

class CategoricalOptimizer:
"""Base class for optimizers with categorical structure
def init (self,
params: Iterator[CategoricalParameter],
category: Category):
self.params = list(params)
self.category = catego

nmn

# Initialize state dict with categorical structure
self.state = self. initialize categorical state()

def step(self, closure: Optional[Callable] = None) -> Optional[float]:
"""Perform optimization step preserving categorical structure"""

# Update parameters with structure preservatio
self. update parameters()

return loss

def update parameters(self):

"""Update parameters while preserving categorical structure
for param in self.params;
if param.grad is None:

# Compute update
update = self. compute update(param)
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# Apply categorical structure preservation|
preserved update = self. preserve categorical structure(

# Apply update]
param.data.add (preserved update)

def preserve categorical structure(self,
update: torch.Tensor,|
param: CategoricalParameter) -> torch. Tensor:
""" Apply structure preservation to parameter update™""
# Get morphisms for paramete

morphisms = self.category.get morphisms(param.categorical type)

# Apply structure preservatior
preserved = update.clone(),
for morphism in morphisms:
preserved = morphism.apply(preserved),

return preserved

C.4.4 Memory-Efficient Implementation

class CategoricalMemoryManager:
"""Memory management for categorical computations
def init _(self,

LA

max_memory: int = 1024 * 1024 * 1024): # 1GB defauld
self.category = catego
self.max_memory = max_memo

# Initialize memory pools
self.tensor_pool = self. initialize tensor pool()

self.structure pool = self. initialize structure pool()

def allocate categorical tensor(self,
shape: Tuple[int, ...],

dtype: torch.dtype = torch.float32) -> Categorical Tensor:

nmn

""" Allocate tensor with memory reuse
# Check memory pool for available tenso
tensor = self. get from pool(shape, dtype)

if tensor is None:
# Allocate new tensor if neede

tensor = self. allocate new tensor(shape, dtype)

# Create categorical structure
structure_map = self. allocate structure_map()

return Categorical Tensor(
tensor,

structure_map

def free_categorical tensor(self, tensor: CategoricalTensor):
"""Return tensor to memory pool"""
# Return tensor to pool

# Free structure map)
self. free structure map(tensor.structure map)
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