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Abstract

This paper presents a novel theoretical framework for multi-sorted algebraic theories enriched over
arbitrary monoidal categories, extending Volger's classical construction and Lawvere's functorial
semantics. We develop a comprehensive treatment of enriched Kan extensions in the context of
multi-sorted theories, establishing fundamental results about their universal properties and
applications to free algebra constructions. The main contribution is a rigorous formalization of
multi-sorted enriched categories that preserves computational accessibility while generalizing
classical algebraic theories. Our framework introduces several key innovations: (1) a categorical
foundation for multi-sorted theories using enriched category theory, (2) explicit constructions of
free algebras via generalized Kan extensions, and (3) a proof of enriched monadicity for multi-
sorted theories satisfying Beck's conditions. The theoretical development is complemented by
concrete constructions and detailed proofs, particularly in the characterization of universal
properties for enriched Kan extensions (Theorem 2.3.2) and the existence of free algebras (Theorem
2.4.2). The framework unifies previously disparate approaches to algebraic theories while
maintaining mathematical rigor and practical applicability. Our results have significant implications
for theoretical computer science, higher-dimensional algebra, and programming language
semantics. The construction's functorial nature and preservation of enrichment make it particularly
suitable for implementation in proof assistants and automated theorem provers.
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1 Introduction
1.1 Historical Background

The study of algebraic theories has been fundamental to category theory since Lawvere's
groundbreaking thesis [Lawvere, F.W. (1963). Functorial Semantics of Algebraic Theories.
Proceedings of the National Academy of Sciences, 50(5), 869-872]. Building upon Volger's
construction [Volger, H. (1967). Uber die Existenz der freien Algebren. Mathematische Zeitschrift,
99, 323-339], we present a comprehensive framework for multi-sorted algebraic theories enriched
over arbitrary monoidal categories.
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1.2 Motivation

Let C be a locally small category and V be a symmetric monoidal closed category. The classical
construction of free algebras, while powerful, is limited to single-sorted theories. Modern
applications in computer science and higher-dimensional algebra necessitate a more general
framework.

2 Theoretical Foundations
2.1 Multi-Sorted Enriched Categories

Definition 2.1.1: A multi-sorted enriched category K consists of:

(1) A collection of objects Ob(K)

(i1) For each pair of objects A, B € Ob(K), a V-object K(A,B)

(ii1) For each triple A, B, C € Ob(K), a composition morphism in V:
HABC : K(B,C) ® K(A,B) — K(A,C)

(iv) For each object A € Ob(K), a unit morphism in V:
jA:T—K(AA)

satisfying the following axioms:

Theorem 2.1.2 (Associativity): For all objects A, B, C, D € Ob(K), the following diagram
commutes:

K(C,D) ® (K(B,C) ® K(A,B))

la

(K(C,D) ® K(B,C)) ® K(A,B) K(C,D) ® K(A,C)
uBCD ® 1] LMACD
K(B,D) ® K(A,B) — K(A,D)

WABD
K(C,D) ® (K(B,C) ® K(A,B))
1 ® nABC|
K(C,D) ® K(A,C)
MACD]
K(A,D)
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where:

- a is the associator in V

- LABC, uBCD, pABD, ptACD are composition morphisms
- ® denotes the tensor product in V

Proof:
Let a be the associator in V. Consider the composite:
K(C,D) ® (K(B,C) ® K(A,B)) — (K(C,D) ® K(B,C)) ® K(A,B) — K(B,D) ® K(A,B) — K(A,D)

The first map is a, the second is uBCD ® 1, and the third is uABD. This equals:
K(C,D) ® (K(B,C) ® K(A,B)) — K(C,D) ® K(A,C) - K(A,D)

where the first map is 1 ® pABC and the second is pACD.

2.2 Multi-Sorted Algebraic Theories

Definition 2.2.1: A multi-sorted algebraic theory T consists of:

(1) A set S of sorts

(i1) For each sequence (sl,...,sn,s) of sorts, a set T(s1,...,sn;s) of operations
(ii1) Composition functions

2.3 Enriched Kan Extensions

Definition 2.3.1: Let F: A — B and G: A — C be V-functors between V-categories. The left Kan
extension of G along F, denoted LanFG: B — C, is defined by the coend formula:

Foreach b € B:
(LanFG)(b) = J]a B(Fa,b) ® G(a)

where the coend is taken in C.

The following diagram illustrates this construction:

A
F/ \G

B — C
LanFG

Theorem 2.3.2 (Universal Property): For any V-functor H: B — C, there is a natural bijection:
[H, LanFG]V = [G, HF]V

where [—,—]V denotes the V-enriched natural transformations.

Proof:

Let n: G — (LanFG)F be the unit of the Kan extension. For any natural transformation a: G — HF,
we construct the corresponding : LanFG — H as follows:
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For each b € B, b is the unique morphism making the following diagram commute:
B(Fa,b) ® G(a)
1® aa
B(Fa,b) ® H(Fa)
lea,b
H(b)
where ga,b is the evaluation morphism.
2.4 Multi-Sorted Free Algebras
Definition 2.4.1: For a multi-sorted algebraic theory T with sort set S, a T-algebra A in V consists
E)ig: For each sort s € S, an object As € V
(i1) For each operation o € T(sl,...,sn;s), a morphism in V:
®A: Asl ® ... ® Asn — As
satisfying the following commutative diagram for composition:
(Asl ® ... ® Asn) ® (Atl ® ... ® Atm)
la
Asl ® ... ® Asn ® Atl ® ... ® Atm
oA ® TA
As ® At
JHA

Ar

Theorem 2.4.2 (Existence of Free Algebras): For any S-sorted collection X = {Xs}seS of V-objects,
there exists a free T-algebra F(X) over X.

Proof:
We construct F(X) in several steps:

1. First, define the underlying objects:
F(X)s = colim(]In>0 ]| (s1,...,sn) T(s1,...,sn;s) ® Xsl ® ... ® Xsn)

2. For operations ® € T(sl,...,sn;s), define:
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oF(X): F(X)s1 ® ... ® F(X)sn — F(X)s
via the following diagram:
T(sl,...,sn;s) ® F(X)sl ® ... ® F(X)sn
Wwrel
F(X)s
Ins
F(X)s
where uT is the multiplication in T and ns is the unit map.
3. Verification of Universal Property

Theorem 2.4.3: For any T-algebra A and any family of V-morphisms {fs: Xs — As}seS, there exists
a unique T-algebra homomorphism f: F(X) — A extending {fs}seS.

Proof:
Let us construct f explicitly. For each sort s € S:

Step 1: Define fs on generators:
fs|Xs = fs

Step 2: For composite terms o(tl,...,tn), define:
fs(w(tl,...,tn)) = 0 A(fs1(tl),...,fsn(tn))

Step 3: Verify that f preserves operations via the following commutative diagram:

F(X)sl ® ... ® F(X)sn

fsl@...@fsnl NoF(X)
Asl ® ... ® Asn F(X)s
oA lf“s

2.5 Enriched Multi-Sorted Monadicity

Definition 2.5.1: For a multi-sorted theory T, the forgetful functor U: T-Alg — VS has a left adjoint
F, forming a monad T = (T, n, p).
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Theorem 2.5.2 (Enriched Beck's Monadicity): The category T-Alg is monadic over VS via the
forgetful functor U.

Proof:
We verify Beck's conditions:

1. U has a left adjoint (constructed in Theorem 2.4.2)
2. U creates coequalizers of U-split pairs:
Let f,g: A — B be a parallel pair in T-Alg with Uf,Ug: UA — UB having a split coequalizer:

UA - UB — UC
f,g h

with section s: UC — UB and retraction r: UB — UA satisfying:

-h.s=10C
-for=1UB
-g-r=s:h

We construct the algebra structure on C via:

UC® UC - UB ® UB — UA
S®s oB A

3. U reflects isomorphisms:

Let f: A — B be a T-algebra homomorphism with Uf an isomorphism. Consider the diagram:

UA — UB
L
UA — UB
uf

3 Conclusions

In this thesis, we have developed a comprehensive framework for multi-sorted algebraic theories
enriched over arbitrary monoidal categories. Our primary contribution extends Volger's classical
construction in several significant directions. Through the detailed analysis presented in Chapter 2,
we have demonstrated that the enriched categorical approach provides a natural setting for handling
multi-sorted theories while preserving the essential properties of free algebra constructions.

The universal property of enriched Kan extensions, as established in Theorem 2.3.2, plays a crucial

role in our development. This result not only generalizes the classical theory but also provides a
more elegant approach to constructing free algebras. The explicit construction of free algebras in
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Section 2.4, particularly through Theorem 2.4.2, demonstrates that our framework maintains
computational accessibility despite its increased generality.

Our treatment of enriched multi-sorted monadicity in Section 2.5 provides a bridge between
classical algebraic theories and modern categorical methods. The verification of Beck's conditions
in Theorem 2.5.2 shows that the categorical structure we have developed is well-behaved and
preserves the essential features of algebraic theories that make them useful in applications.

The framework we have developed has several important implications. First, it provides a unified
treatment of many previously disparate approaches to algebraic theories. Second, our construction
of free algebras is functorial and preserves enrichment, making it suitable for applications in
theoretical computer science and higher-dimensional algebra. Third, the explicit nature of our
constructions makes them amenable to implementation in proof assistants and automated theorem
provers.

Future research directions emerging from this work include the investigation of higher-dimensional
generalizations, the study of coherence conditions in enriched multi-sorted theories, and the
development of practical applications in programming language semantics. The framework
developed here provides a solid foundation for such investigations while maintaining the
mathematical rigor necessary for theoretical developments.

In conclusion, this thesis establishes a robust theoretical foundation for the study of multi-sorted
algebraic theories in an enriched setting, while providing explicit constructions that make the theory

applicable to concrete problems. The results presented here open new avenues for research in both
pure mathematics and its applications to computer science.
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